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Complex number
EXERCISE: 3.1

Express the followinginthe standard form a+ib

2(i—3)

(1+1)?

Solution:  2i-6 = 2i-6 = i3
1+2i+i 1+2i-1 i

=i-3 x i = -i+3i

L] L '2
1 -1 |

(i) (1+) (1-2i)

1+3i

Solution : (1+i) (1-2i) = 1-i-2i2 = 3-i x 1-3i

1+3i 1+3i 1+3i  1+3i
= 3-10i-2i> = 3-10i-3

1-9j> 1+9

(iii) (-3+i) (4-2i)
Solution: = -12+4i+6i-2j>
-12+10i+2

= -10+10i
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(iv) i*+i%+it®

3-2i8-i10-i15

Solution: i*+i+it® 1+i+1

3.2i8.j10_i15 3-2-(i2)4-(i2)5-(i2)7i
= 2+
1+1+l
= 2+4i =
24

2. find the real and imaginary parts of the following complex
number

(i) —

1+i

Solution:

v 2450

(ii) -
4-3i

2450 4430 _ 8+20i+6i+15i>

4-3i © 4-3i 16—9i2

solution:

_ 8+26i—15
T 1649
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(iii) (2+i)(3-2i)

Solution: (2+i) (3-2i) = 6+3i-4i-2i°
= 6-i+2
= 8i

RP=8 LP=-1

3. find the least positive integer n such that

Solution: {1—4_%“ =1
1-—1i

(i)"=1
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Possible value for n =4,8,12
The least positive integer nis =4.

Find the real value of x and y for which the following equation are
satisfied .

(i) (21-i) x + (1+i) y =1-3i
(1-i) x + (1+i) y = 1-3i
X- ix +y + iy = 1-3i

equating real and imaginary parts

Solve(1) and(2) 2y =-2

Y=-1 and x=2

(+Dx-2i (2-30y+l _

(ii)

3+i 3—i

. 1+i)x—2i 2-3D)y+i .
Solution: A+) - + ( )_y =i
3+i 3-i

(1+)(3—D)x—2i(3—)+(2-3) B+D)y+i(3+i) _
9—i2 -

(4+2i)x-6i-2+(9-7i)y+3i-1 = 10i

(4x+9y) +i (2x-7y) = 3+13i

Equating real and imaginary parts
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Solve 1and2
4x- 14y = 26
() (+) ()
23y =-23

Y =-1
And 4x-9 =3 thenx=3

x==3 ; y=1

(iii) Va2 +3x + 8 + (x+4)i =y (2+i)

Solution: Equating real and imaginary parts

Va2 4+ 3x + 8 +(x+4)i =y (2+i)

Vx2+3x+8 =

substituting (2) in (1)

x2+3x+8 =4(x+4)

x2+3x+8 =4x"+32x +64
3x*4+29x +56 = 0
3x*+21x + 8x + 56 =
3x (x+7) +8(x+7) = 0

(3x+8) (x+7) = O
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3x+8 =0 ; x+7 =0
8
Then x =-7 andy = -3

X =-7 sub inequ (1)

(-7)%+ 3(-7) + 8 =4y’

—8+12
3

4
=y then x = 3

5. for what value of x and y , the number -3+ix’y and X’ +y + 4i
are complex conjugate of each other.

Solution: -3+ix’y and x’+y+4i are complex conjugate .
-3+ix’y = complex conjugate X’ +vy +4i
3+ix’y = X2 +y-4i

Equating real and imaginary parts
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-4+y2 = -3y
yz+3y-4 =

(y+4) +(y-1) =0

Solution

EXERCISE 3:2

If (1+i)(1+2i)(1+3i)(1+4i) (1+ni) = x+iy .show that
(1+n%) = x> +vy°

Solution : given
(1+i)(1+2i)(1+3i)(1+4i) (1+ni) = x+iy

Take both side modulus

| 1+l [1+2il 431 L+4......... 1140l =0 iy

(V1 + 1)(V1 + 4)(V1 + 9)(V1 + 16)........(V1 + n2) = /x2 + y?

Squaring both sides
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(2)(5)(20)(16)...... (1+n%) = (x* +y’)
2. find the square root of (-8-6i).
Solution: et (-8-6i) = x+iy
8-6i = (x+iy)?
xz—y2+2ixy

Equating real and imaginary parts

-8t
t?+8t-9 =0
(t+9) (t-1) =0

t =-91

put t =-9 in(a) t = x°

X =13i x =41
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the square root of -8-6i = (1-3i) and

-8-6i = (-1+3i)

3. if2> = (0,1) findz.
Solution : letz = (a, b)

Z’ = (a, b) (a, b)

Z2 = (a’-b? ab +ab)

= (a’-b? 2ab)

= (0,1) => a*b®> and 2ab=1

1
a—-l_-ﬁ
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1 . 1 1 . 1
hence Z = (ﬁ-l_lﬁ);(_ﬁ_lﬁ)

4. prove that triangle formed by the point representing the
complex number (10+8i)

(-2+4i)and(-11+31i) on the argand plane right angled.
Solution :

Let A,B,C representing the complex number (10+8i) (-2+4i)and(-
11+31i) on the argand diagram.

AB = (10+8i) - (-2+4i)

= 12+4i

= V144 + 16 =160
BC = (-2+4i)- (-11+31i)

= 9-27i

= /81 + 729 =810

CA = (-11+31i)-(10+8i)

= -21+23i

= V441 + 529=+970
AB>+BC? = CA?

=>A ABC is right angled.
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5. prove that the point representing the complex number (7+5i)
(5+2i)and(4+7i) and (2+4i) form a Parallelogram. (plot the point
and use midpoint formula).

Solution: let A,B,C,D represent the complex number (7+5i)
(5+2i)and(4+7i) and (2+4i) in a argand diagram .
A

(7+5i) => (7,5)
(5+2i) => (5,2)

(4+7i) => (4,7)

(2+4i) => (2,4)

Midpoint of AD is

24+7 445 9 9
=2 =G

Midpoint of BC is

5+4 247 9 9
=2 =6G3)

since the midpoint of the diagonal are same . then the diagonal are
bisect each other.
~ABCD is a parallelogram .
Express the following complex number in polar form.
(i) 2+2V3 i, (i) -1+iV3 , ,(iii) 1-i (iv) -1-i

SOLUTION: | r] = z

=| 2+42V3 il
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-1 2v3
2

tan

tan 1V3 =« =§

polar form: z = r[cos @ + sinB]=> 2+2V/3i = 4[cos§+ sing]

(ii) SOLUTION:

=>a
=>a

=0 = —-
3

polar form :z = r[cos O + sinf]=> -1+/3i = Z[cosz?n+ sinz?n]

(iii) SOLUTION: lr|=z
=| 1+i |

VIFT =42
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polar form :z = r[cos @ + sinf@]=> 1+i =2 [cos_?” + sin %ﬂ]

(iv) SOLUTION: Ir| =z
=|-1-i]

VIFT =42

polar form : z =r[cos@ +sinf] => -1-i =
—-3n . —3m
\/E [COST + sin T]
. T 2
7. if arg(z-1) = P and arg (z+1) = Y then grove that z =1.

Solution: arg (z-1) = %

arg (x+iy-1) = %

=>tan~1! il[ = }
.
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arg (x+iy+1)

=>tan_1[L] =
x+1

= tan%" =taf{m — 7|

Multiply (1) and (2)
(x-1) V3(x+1) =-yV3 y
X2-1 =y =P +y? =1
1z =1 =>|z| =1
8.P represent the variable complex number z. find the locus of P, if

(i) 'n{fzzi—lll =-2 (i) |z-5i|=|z+5i| (i) Re[ZH% -1
(iv) 2z-3 =2, (v)are [Zz_ﬁ =§

Solution :

Im.Z+1]=-Z
z+1
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Let z =\x+iy\

=-2

[2(x+iy)+1\
i(x+iy)+1 _

Ex+2iy+1\
m ix—y+1 )

20+ 2iy +1 (l_y)_,-xJ -
1—-y)+ix" Q-»-ix) ~

EZx + DA -y +2xy +i{2y(1 —y) —x(2x + 1)}} =9
(1-y)? + 2 -

2y-2y2-2x%-x = -2(1- 2y+y® +x%)
Zy-Zyz-sz-x = -2+ 4y-2y2-2x2

-X-2y = -2 => X+2y =2

(ii) let z =x+iy \z-5i\=\z+5i\

| X +iy -5i| =| x + iy +5i|
\X+i(y-5)\=\x+(y+5)\

Jx2+ (¥ —5)% = x2+ (y+5)?

Squaring both sides

X2+y%-10y+25 = X’+y’+10y+25
-20y =0

=> vy =0
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z+1]=_2

Imr;
z+1

Let z = x+iy

=1

Ex+iy)+1}
€ x+iy)+i

R x+1+1iy
x+i(y+1)

x+1)+iy x—iy+1)
ReE +i(y + l)x x—i(y+1)

x(x+1D)+y@+D+ixy—-(x+Dy+1) | 1
x% + (y + 1)? -

x(x+1D)+y(y+1)
2+(y+1)2

X+x+y+y = X +yi+2y+1
x-y =1

let zZ=x+iy

2z-3 =2 => 2(x+iy)-3 2
2x-3 + 2iy = 2

V(2x—3)2 +(2y)% =2
Squaring on the both sides
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(2x-3)” + (2y)°
4x*-12x+9 + 4y’ = 4
ax* +4y* - 12x+5 =0

areE_l]-E
+3) 2

z = X+iy
+iy—1 =
‘"eﬁﬁ' 2

x—1)+iyj _m
areEx+3+iy "2

2

ref(x — 1) +iy)((x +3) — iy) }g
(

x+3+iy)((x+3) —iy))

ar{((x —1Dx+3)+y*+iy(x+3) —y(x - 1)))= n
(x + 3)% + y? J 2

T2

—1(yx+3)—yy(x-1) | _ 7
tan [(x—l)(x+3)+y2J
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[y(x+3)—yy(x—1)J - tan ™

(x—1)(x+3)+y? 2

(since tan1 oo = g)

y(x+3)-y(x—1)
(x—1)(x+3)+y?

(x—1)(x+3)+y? 1

y(x+3)—y(x—1)

(x-1)(x+3) +y% =0 => x> +y*+2x-3 =0

Prove that the complex numbers 3+3i, -3-3i , -3v/3 + 3v/3i are the
vertices of an equilateral triangle in the complex plane .

Solution : let A, B ,C represent the complex numbers 3+3i, -3-3i ,
-3v/3 + 3v/3i in the Argand diagram .

AB =|(3+3i) — (-3-3i)|
= 6+6i =72
BC =[(-3-3i) -(-3v3 + 3V3i)|
=72
CA 4 (-3V3 + 3v3i) —(3+3i) |

=V72
AB =BC =CA

- A ABC is an equilateral triangle .
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Prove that the complex numbers 2i, 1+i, 4+4i and 3+5i are the
vertices of an rectangle in the Argand plane ..

Solution : let A, B ,C represent the complex numbers 2i , 1+i , 4+4i
and 3+5i in the Argand diagram.

AB =| 2i  (1+i)|
:‘-1 +i\: V2
BC = |(1+i)- (4+4i)]
=|-3-:3i]=vi8
CD =|(4+4i) — ( 3+5i)
=[1-i|= v2
DA =/(3+5i) —(2i)|
=B+3il= V18
AB =BC= CD =DA

AC =|(0+2i) —(4+4i)|
=|}4-2i]= V20
AB?+ BC?> =2+18=20 =AC?

Hence AB?*+ BC? = AC?
As pairs of opposite sides are equal
ABCD is a rectangle .

Show that the complex numbers 7+9i, -3+7i ,3+3i form a right
angledtriangle on the Argand diagram .
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Solution :

let A, B ,C represent the complex numbers 7+9i , -3+7i ,3+3i
the Argand diagram .

AB = (7+9i)—( -3+7i)

= 10+2i| = V102 + 22 =104
BC = (-3+7i) — (3+3i)|

=l6 +4il= J(—6) + 42 =52

CA =/(3+3i) - (7+9i)| = \/(—6)Z + (—8)% =52

(AB)? = (BC)*+ (CA)?
[BCA = (90)°

Hence . A ABC is a right angled isosceles triangle .

Find the square root of -7 + 24i (-7 + 24i)
Solution :
V=7 + 24i = x+iy
Squaring on both sides
-7+ 241 = (x? - y?) + 2ixy
(x? - y?)=-7 and 2xy = 24

(x2 +y?) =/ (x% — ¥2) % + (2xy)?
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= (=7)2 + (24)2 =25

Solve  (x?*-y®*)=-7 and (x*+y?)=25

Weget x= 13, y= 14

Since xy Is positive , X ,y have the same sign.

x=3,y=4)o0r (x=-3,y=-—4)
V=7 + 24i = 3+4i or -3-4i
(a;+ibg)(ay+ib,) (a,tib,) = A+ B, prove that
(i) (af + b7) (aj + b3) .

(i) tan~1(2) +tan~1(2) +tan~1(22) = krr + tan~1(2) keR
ai az an A

Solution :

(artibg)(aztiby) (antiby) = A+iB
(artibg)(aztiby) (antiby) = A+iB

(a1+ib1)(a2+ib2) (an+ibn) = A+ 1IB

@+ b+ @+ o J@E D)

Squaring on both sides

(a% + b%) (a3 + b3) (a3 + b2) = A*+B?
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Also
arg[(a;+ib;)(az+iby) (an*iby)] = arg(A+iB)
arg(a;+ib,)+arg(a,+ib,) + arg(a,+ib,) = arg(A+iB)

arg(aj+ib)) = tan™( %)

tan~1(2) +tan1(2)
a az

SIX MARKS

Prove that the complex numbers 3+3i, -3-3i , -3v/3 + 3v/3i are the
vertices of an equilateral triangle in the complex plane .

Solution : let A, B ,C represent the complex numbers 3+3i, -3-3i ,
-3v3 + 3v/3i in the Argand diagram .

AB = (3+3i) — (-3-3i)
= 6+6i =72
BC = (-3-3i) -(-3v/3 + 3V3i)
=72
CA = (-3v3 + 3v/3i) —(3+3i)
=72
AB =BC = CA

- A ABC is an equilateral triangle .
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Prove that the complex numbers 2i, 1+i, 4+4i and 3+5i are the
vertices of an rectangle in the Argand plane ..

Solution : let A, B ,C represent the complex numbers 2i, 1+i, 4+4i
and 3+5i in the Argand diagram .

AB = 2i— (1+i)
=-1+i=+v2
BC = (1+i)- (4+4i)
=-3-3i =18
CD = (4+4i) — ( 3+5i)
=1-i =2
DA = (3+5i) —(2i)
=3+3i=+18
AB =BC= CD =DA

= (0+2i) —(4+4i)
= -4-2i =+/20
AB?+ BC* =2+18=20 =AC?
Hence AB?+ BC*? = AC?
As pairs of opposite sides are equal

ABCD is a rectangle .

24 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




Show that the complex numbers 7+9i, -3+7i ,3+3i form a right
angledtriangle on the Argand diagram .

Solution :

let A, B ,C represent the complex numbers 7+9i , -3+7i ,3+3i In
the Argand diagram .

AB = (7+9i)—( -3+7i)

=10+2i =vV102 + 22 =104
BC = (-3+7i) — (3+3i)

=-6+4i = \/(—6)%2 +42 =+/52

CA = (3+3i) — (7+9i) =/(—6)% + (—4)2 =52

(4B)? = (BC)*+ (CA)*

[BCA = (90)°

Hence . A ABC is a right angled isosceles triangle .

Find the square root of -7 + 24i (-7 + 24i)
Solution :

V=7 + 24i = x+iy

Squaring on both sides

-7+ 241 = (x? - y?) + 2ixy

25 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




(x? - y?)=-7 and 2xy = 24
(*®+y%) =y (x% = y1)? + (2xy)?

=J(=7)2% +(24)2 =25

Solve  (x*-y?*)=-7 and (x?+y?%)=25
Weget x= 13, y= 14
Since xy is positive , x ,y have the same sign.
x=3,y=4)o0r (x=-3,y=-4)
V=7 + 24i = 3+4i or -3-4i
20. (astiby)(ax+ib,) (ant+ib,) = A+ B, prove that

(i) (af + b%) (a5 + b3) (aZ + b%) = A*+B?

(ii) tan~1 (22 2) +ta an~1(2 2) +tan~1(2%) = km + tan~1(7) keR

Solution :
(ay+ibg)(az+iby) (ant+iby) = A+ iB
(artibg)(aztiby) (antiby) = A+iB

(artibg)(aztiby) (ap+iby) = A+ iB

@+ b+ @+ o J@E D)

Squaring on both sides

(a% + b%) (a3 + b3) (a3 + b2) = A*+B?
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Also
arg[(a;+ib;)(az+iby) (an*iby)] = arg(A+iB)

arg(a;+ib,)+arg(a,+ib,) + arg(a,+ib,) = arg(A+iB)

arg(aj+ib)) = tan™( %)

tan~1(2) +tan~1(2)
ap az

EXERCISE 3:3

1. Solve the equation x*-8x> +24x*>-32x+20 = 0 if 3+ is a
root

Solution:
Since 3+i is a rootand
3-i is alsoa root

Sum of the roots = 3+i+3-i =6

Product of the roots = (3+i)(3-i) 9+1 =10
The corresponding factor is x’ -6x + 10
The other factoris x> +px +2

Hence x*-8x +24x*-32x +20 = (x* -6x + 10)( x* +px +2)
Equating the coefficient of x
-32 = 10p-12 => p =-2

The other factoris x*-2x +2
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Solve x

The roofs are 3+ 1 and 1+i.

2. Solve the equation x*-4x* +11x*-14x+10 = 0 if 1+2i is a
root

Solution:
Since 1+2i is a rootand
1-2i is alsoa root
Sum of the roots =1+2i+1-2i=2
Product of the roots = (1+2i)(1-2i) =1+4 =5
The corresponding factor is x> -4x + 5

The other factoris Xx*+p x +2

Hence x*-8x° +24x%-32x +20 = (x*-2x + 5)( x> +px +2)

Equating the coefficient of x
-14 = -445p => p =-2
The other factoris x°-2x +2

Solve x = 2% 5 P o 1+iThe roofs are

1+2i and 1+i.
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3. Solve the equation 6x*-25x> +32x* +3x-10 = 0 if 2-i is a
root

Solution:

Since 2-i is a rootand

2+i is also aroot

Sum of the roots =2-i+2+i=4

Product of theroots = (2-i)(2+i) =1+4 =5
The corresponding factor is x°-4x+5
The other factoris 6 x> +p x -2

Hence x*-8x° +24x*-32x +20 = (x*-4x + 5)( 6x> +px -2)

Equating the coefficient of x
3=5p+8 =>p =-1

The other factoris 6x*-x -2

1+V1+48 _ 147
12 B

Solve x =

~. The roofs are 2+i and--,

EXERCISE :3.4

(cos 20—isin26)7 (cos30+isin36)~>
(cos40+ision40)12(cos50——isin50)~6

1.Simplify :

29 BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




(cos 20—isin20)7(cos30+isin30)_5 _(cos Pising) 14 (cos@+isin9)_15

Solution : =
(cos40-+ision40)12(cos50——isin50)~6 (cosO+ision0)*8(cosO+isind)30

= (cos Bisin@) 107
= cos(-107)0 + isin(—107)0

_(cosa+isina)3

2. simplify  sinBricosp)?

(cosa+tisina)® (cosa+isina)3

(sinB+icosp)* (cos(g—B)Hsin(;—B))‘L

Solution :

)

_ (COS3a+isin3a))
B (cos4(§—ﬁ)+isin4(g—ﬁ))

= (cos(3a — 2w + 4B)+isin(3a — 2w + 4))
= (cos(3a + 4B)+isin(3a + 4))

(3) Ifcosa+cosP+cosy=0=smn o+ sin [+ s ¥, prove that
(1)cos3o+tcos3f+cos 3y =3 cos(a+p+7v)
(W)smm3a+smmi3f+smIy=3sin(a+p+7)

(111) cos 2o + cos 2p + cos 2y =10
(v)sin 2o +sm 2 + s 2y =0
(Hints : Takea=ciso. b=cisP.c=cis 7y
a+b+c=0=a+b +b =3abc
lla+ 1b+ 1lle=0 = a~+b " +c7=0)

¥ 7 2 - - -7
(vicos o +cos P tcosy=sm o +smnf+sinTy=
Solution: given cosa + cosp+cosy = 0
sina + sinff +siny = 0

. (cosa + cosf + cosy ) +i (sina + sinf + siny) =0
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(cosa + isina) + (cosp + isinf) + (cosy + isiny) =0
Let a = (cosa + isina) ;b =(cosf + isinf) ; c =(cosy + isiny)
Then a+b+c = 0

But a’+b’+c®-3abc = (a+b+c)(a’+b*+c’-ab-bc+ca)
(since atb+c= 0)
~a*+b’+c® =3abc

(cosa + isina)® + (cosp +isinB)’ + (cosy +isiny)?

=3 (cosa + isina)(cosf + isinf)(cosy + isiny)

Cos3a + isin3a + Cos3f + isin3f +Cos3y + isin3y

= 3(cos(a + B + y)+isin(a + £ + 7))

Equating real and imaginary parts ,we have

Cos3a + Cos3f +Cos3y = 3cos(a+f +7y)

sin3a+ sin3f +sin3y = 3sin(a+ L +y)

(i) (iv) a = cosa + isina =>- = cosa — isina

. . 1 . .
cosf +isinf => cosf — isinfs

cosy + isiny cosy-isiny

(Cosa + Cosf + Cosy) -i (sina+ sinf +

But ¢ + 2ab +2bc +2ca = (a+b +c)?

BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




a’ +b2+c2+2abc(§+%+%) =0

a> +b> + ¢ + 2abc (0) =0

a> +b> + & =0
(cosa + isina)’ + (cosp + isinB)’ + (cosy + isiny)?

= 0

Cos2a + isin2a + Cospf + isin2f + Cos2y + isin2y =0

Cos2a + Cos2f +Cos2y +i (sin2a+ sin2f +sin2y) =0
Equating real and imaginary parts ,we have

Cos2a + Cos2fB +Cos2y =0
(V) from equation (1) we get

(2cos’a — 1) + (2cos?B — 1) + (2cos*B —1)= 0

2cos’a + 2cos?f +2cos’y = 3
2(cos’a + cos®B +cos’y) = 3

3
(cos’a + cos?B +cos’y) ==
2

1-sin‘a + 1—sinzﬁ + 1-sin’y = >

3 . 2 . 2 .« 2
3-2 = sin“a +sin“f + sin“y

6_3 . 2 . 2 H 2
= sin“a +sin"f + sin“y

— =
. 2 . 2 .2 3
sin“a +sin“f + sin“y =3

prove that

32 BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




n+2

(1) (1+)" + (1-i)" =272 . cos (nTZT)

(2) (1+iV3)" + (1-iV3)" = 2" .cos ("3—”)

(3) (1 +cos@ + isinB)" + (1 + cosO — isinB)" 2™ 1 cos (g) cos ("79) .

(4) (1 +i)*" and (1+i)*"? are real and purely imaginary respectively

n n n+2 nm
Solution : (1) (1+i)" + (1-i) =22 . cos (T)

r 5z
=|1+i|

VIFT =42

polar form :

z= r[cos @ +sinB] => (1+i)" =/2" (cosg + ising)" e e e e en(1)

Y (1-1)" =v2" (coss — isin7)"
(1)+(2) (1+)" + (1-i)"=+2" (cos% + sin %)" ++/2m (cosg — isin g)"

nm nm nm nm
= V2" (cos— + sin— + cos— — i sin—
( 4 T 4 + 4 4)
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= {27 ZCOS%N

n nm
= 22 ZCOST

n+2
i nm
=2 2 cosT

(2) (1+iV3)" + (1-iV3)" = 2" . cos (&)

3

Solution :
| v = z

=l1+iv3l
=V1+3 =4 =2

a == =0 =«
3
polar form :
z = r[cos @ + sin 8]=> (1+iV3)" = 2"(cos§ + ising)" R | )

v (1-iv3)" = 2"(cos§ + isin g)"
(1+iV3)" + (1-iV3)" = 2“(cos§ + sin g)" + 20 (cosg + isin g)"

nm . nm nm s = nmw
= (cos? + sin—- + cos—- — lsm?)
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nm
= 2"+l ¢cos 5

(3) (1 +cosB + isinB)" + (1 + cosO — isinO)" 2™ 1 cos (g) cos (nz_o) .
Solution : L.H.S

(1 + cosB + isinB)" + (1 + cos@ — isinb)"

Since 1+ cosf = ZCOSZZ and sin@ = 2 cos (g) cos (g)

= 29 4 6 i 28 _; 0 B\\n
= (2cos 2+12 cos (2) cos (2)) +(2cos . i2 cos (2)cos (2))

6 0 6 0 0
- n n_ hd - - z n 7 - - z n
= 2"cos 5 ((cosz+lsm2) +(cos2 lsmz) )
n n0 no . . Nnb no . . Nnb
= - — —) + e —
2"cos . ((cos2 + isin 2) (cos2 isin 2)

6 6

= ZnCOSnE (2cos—nz)

(7] néo
= 2ntleoen 5 COS—

(iv) (1+i)*" real part

ro=|z|
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polar form : z = r[cos @ + sin 0]

=> (1+i) *" = (V2 (cosg + ising))‘*"

4 .4
= 2% ((cos%+1sm$)

22" ((cosn 7 + i sinnm)

22" cosn (sinnmt =0)
= purely real
(1+)*™* = (V2 (cosg + sin %))4"+2
= 2%"1(cos(nm + §)+i sin(nm + g))
= 221 ((icosn m + sinnm)
= i2?" cosnm
= purely imaginary.

(5) if aandf are the root of the equation x°—2px + (p’ +q°) =

Oand tan@ = L
y+p
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(+a)")—(@+A™) _ _n—15nnd
a—pf sin™ 0

Show that
Solution : x*-2px+(p>+q’) =0
Let aandf be the roots of the equation
Then a+f = 2p

aff = p2+q2

a =1; b=2p;c=pz+q2

_ 2p+/4p2—4p?+4q>
2

_ 2pty49?)
2

= ptiq
= p+iqandf = p-—iq
2iq

Given

=> y+p = q

(y+a)")-((y+B™) _  (+p+igQ)"—(y+p—igq)"
a—p 2iq

sin@ . .p . sinf® . .5
cose+lq) (qcose lq)

2iq

_ (q

(q cos 0+iq sin H)n_(q cos 0—iq sin H)n)

sin 0 sin 6

2iq
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_ q"((cosB+isinB)"—(cosO—isind)™)

2iqsin™ 0

n—1
2iqsim (cosnO + isinnB — cosn0 + icosn0)

qn—l L
= m (lemnﬂ)
n—1 sinné
sin™ @

(6) If aandpf are the roots x> -2x+4 =0. prove that

a — B = | 2"t sin% and deduct a’ —p° .

Solution : X2 -2x+4 =0.

a=1;b=-2c=4

1—iV3

r =| g
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=>m
=0 =m
polar form :
z = r[cosO +sinfB] =>(a)" = 2“(cos§ + ising)" ST i

()" =2"(cos +isin3)"

(1)+(2)(x )" -(B)" = 2“(cos§ + sin g)" — 2" (cosg + isin g)"

nm - nm nm . m nm
cos — + sin— — cos — + i sin —
( 3 T 3 3 T 3 )
o . nm
i 2" (2 sm?)
o . nm
= j2ntl sin—

(@)® - (B) = i2%*!sin=>

=i210 sin (3m) =0
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1= 2 cos 6§ prove that

. 1
(1) x" +— =2 cos nb
X

Solution : put x = cosO + isin@

1 . .
S = cosf — isin@
1 . . . .
X+; =cosO + isin@ + cosO — isinO

= 2cos0
x" =(cosO + isin6) "

cosnf — isinn0O

n

1 . . . .
X + o cosnf + isinn@ + cosnf — isinnd

= 2cosné
(i) X" - Xin= cosn@ + isinn® - cosnO + isinn0

= 2isinn0O

l 1
(8) Ifx ts JcosB auldlv-l-;:E cos ¢ show that

i n M H
X

()= + =2 cos (md - n) (i)~ - =2 isin (md - nf)
P :

H
1 v
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Solution: put x = cosO + isin@

cosO — isin0O

X+§ = cosO + isind® +cosO — isind
= 2cosB
put y = cos@ + ising

1 . .
- = cos@ — Ising
y
1 . . .
y+; = cos@ + ising +cos@ — ising
= 2cosQ

_ (cos@+isinf)™

(cosp—isinp)"

_ (cosmO+isinm0)

(cosng—isinng)

= (cos(mf — ne) + isin(mé — ne))

i'—:l = (cos(mB — ng) — isin(mb — ny))

xm

o +i’—,: =(cos(m@ — ne) + isin(mO — n))+(cos(ml — n) —

n

Yy

xm

= 2cos(mé — ny)

isin(mé@ — ny)) z—:l +

41 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




i 2sin(mé — ng)

(9)Ifx=cosa+isina;y=cosB+isinf3B prove that

x'"y"+xmlyn= 2 cos (ma + np)

X= cosa+isina

y=cosB+isinf

x™ = (cosa + isina)™ = (cos ma +isin ma)
y" =(cosp + isinf3)" = (cos nB+isinnp)
x™ y"= (cos ma+isinma)(cos nB+isinnB)

= cos (ma+nB)+i sin (ma+ npP)

1

xm yn

= cos (ma+nB)- i sin(ma + nP)

x'"y"+xmlyn= cos (ma+nB) +i sin(ma+nB) + cos(ma+ nB)- isin
(ma + nB)

1

n
XY 4

= 2 cos (ma + nPB)

(10) If a = cos2a + i sin 2a, b = cos2f + i sin 2B and ¢ = cos 2y +i sin 2y
prove that

(i) abc+1/\Vabc=2 cos (o + B +Yy)

(i) a’b*+c*/Vabc=2cos2(a+B-y)

solution :
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abc = (cos2a + i sin 2a) (cos2B + i sin 2B)( cos 2y + i sin 2y)

1
\/[(COSZ(X + isin2a) (cos2f3 + isin2f) (cos 2y + isin2y)]2

(cosa + i sin a) (cosP + i sin B)( cosy +isiny)
cos (a+p +y) + i sin (a+p +y)

ﬁ: cos (a+B +y) - i sin (o+p +y)
1
vab
abc + —
= cos (o+B +y) +i sin (a+B +y)+ cos (a+P +y) +i sin (a+p +y)
= 2cos (o+PB +y) .

a

. 2,2, 2 _
(ii) a’b®+c*/Vabc = —

_ (cos2a+ isin 2a)(cos2B+ isin 2f3)
(cos 2y+isin 2y)

cos (2a+2B -2 y) + i sin (2a+2p -2y)

1
ab = ¢os La+2f-2vy) +isin (2a+2p —-2y)
C

= cos (2a+2B -2 y) +i sin (2a+2p -2y)

b . . .
aT + a—cb = cos (2a+2B -2 y) + i sin (2a+2B -2y) +cos (2a+2B -2 y) - i
sin (2a+2p -2y)

43 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




=2 cos (2a+2 -2 y)

a’b* +c*/Vabc = 2 cos (20+2B -2y) .

EXERCISE: 3 .5
find the value of the following :

1
(i)% B3 (3 —1)

(i) solution: we know that i = cos§+ ising

1 T T 1
)3 = (cos—+ isn—)3
() ( 5t 2)

1
= (cos (an + g) + isn(2km + g))i

1
(cos(4k + 1)% + isn(4k + 1) g)ﬁ
(cos(4k + 1) g + isn(4k + 1) %)1

. T . 5w . 9
the value are cis— , cis— , cis—
6 6 6
ees N . T . = T
(iii) solution: we know that 8i = 8(cosE+ lsmz)

1 1 T w1
(8i)3 = (®3 (cosE+ isniﬁ

1
= 2 (cos (Zle' + ;—r) + isn(2km + g)ﬁ
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1
2(cos(4k + 1) + isn(4k+1)2)s
2(cos(4k + 1)< + isn(4k+1)7)"

0,1,
4 . 5w . 9O
the value are ZCISE , 2cns? , ZCIS?

(iii) let r=2z
V3 i
v3+1 =2

Y3
—1T + . -
polar form : r (cos 0 + isin@)
—5m ., . —5m
2 (COST + lSlnT )

2 2 —571 —5m 2

(—V3-i)® = 23(cos— + isn—)3
6 6

L 5w . . 57

= 23(cos(2km — ?) + isin(2km — -

2
23( cos(12k — 5)§ + isin(12k — 5) g)

2  _5; 2 7 2 19xm
the value are 23CIST , 23 ciso- 23 cis— -
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2 Tx=a+4i, y=ao.‘:-+f;-c02, z=aw® + b show that
D oz=d +5
1) x +y3 +7=3 (.:13 + E:IE) where @ 1z the complex cube root of unity.

solution: (i) xyz = (a+b)(aw+bw?)(aw? + bw)
= (a+b)(a? + abw? + abw + b?)
(a+b)(a? + ab(w? + w) + b?) (w? + w) = —1)
= (a+b)(a® — ab + b?)
=a3 + b3
(ii) x +y +z = (a+b)+(aw+bw?)+(aw? + bw)
=a(w? +w+1)+b(w? + w + 1)

= a(0) +b(0) =0

(3) Prove thatif o = 1, then
@) (a+b+e) (@+bo+eid) @+bat+em)=a +5 +o° — 3ake

6 (T2 ‘“@jj+(‘ L ‘ﬁjj - -1

o 1 1
W o " T+e T2re  V

solution :
(i) (a+b+c)(a +bw +cw?)(a +bw? + cw)
= (a+ b+ ¢) (a%+ abw?+ ac w + ab w + b* + bcw? +acw? + bc w +c?)
(a+ b+ c) (a%+ b* + & +ab(w?+ w) +bc( w +w?) +ac(w? + w))

(a+ b+ c) (a?+ b? + c* -2 ab -2 bc -2ac)
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=ad +b3 + ¢ -3abc

T . —1+iV3 —1—i
if w is a cube root of unity ,then w = ;l\/—wz = zl

35 .
.-Ml;' 34 [_1_2“/5]5 = 0’ + (w?)

1

L.H.S. = - + —
1+2w 1+w 24w

24+w+1+2w
1+2w)(2+w)

3 (1+w)
202 4+5w+2

_ 3 (1+w)
T 2(w?+w+1)+3w

- W

Again 120 w?
LHs=-w (-w)=0=R.H.S
4)Solve: (i) x*+4=0 (i) x* o +x%-x+1=0

SOLUTION : x*+4=0

X' =-4=4 (-1)

NI

1

4
=(2%) [cos +isin m]since-l=cism
1

oLl e
'S
—
1
Y
—

N NI

4
2 [cos (2kmr+1T) +i sin (2km +1)]
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=2 [cos(2k +1)% + isin(2k + 1) ﬂk =0,1,2,3

. T . 3 . 5m . I
The values are \/ECIS Z’ \/E Cis T’ \/ECIS T' \/E (o [ T

(i) x**+x*-x+1=0
The terms of the polynomial are in GP with r=-x, a =1, n=5

a(r"-1 x>+1
( ) _ where x #-1
r—1 r+1

Solve x°+1=0 and remove the root x = -1

2 4
1-x+CxC4x* =

1
5
X° +1 = 0=x = (-1)
1
5

=(cosm+isinm)
1

5

=[(cos 2k T+ w+isin (kT + ) ]

= cos (2k +1) % +isin (2k+1) %, where k=0, 1,2,3,4
o9

. T ., 3m Y/
The values are cis 5 » Cis — cis T, cis —, cis —

Remove the root cis T =-1

. .3t ., 7m ., 9m
The roots are cis E , CIS ?, CIS ?, CIS ?

5. Find all the values of G — l\/z—g) and hence prove that the product of the

values is 1

SOLUTION: Let:—i¥=r(cos0+ising)

1 . 3
rcosezz,smez—%

Also cos 6 = % ,sin @ = - ?0 in the 4™ quadrant
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=[cos (-m) + i sin (-m) ]

= [cos (2km — m) + i sin (2km-1r) ]
= CO0S (2"4—_1) T+ 1 Sin (2";—_1) T,
k=0,1,2,3

The values are cis (— %) cis G) cis (%) cis (%n)

Product of these values is cis (— §)+ (§)+(¥)+(%)

=cis [%”]: cis 2m

=Ccos2m +iSin 21

=1
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4.Analytical Geometry

Example sums:

1. Find the equation of the following parabola with indicated focus and

directrix,
(i) (2,0) ;x=-a a>0
(ii) (-1,-2) ; x-2y+3=0
(iii) (2,-3) ;y-2=0
Solution:

(i) let P(x, y) be any point on the parabola. If PM is drawn
perpendicular to the directrix,

FP
—=e=1
PM

FP’=PM’

(x-a)+(y-0)’= (+ 7 )?

(x-a)’+y°=(x+a)’
y2= 4ax

This is the required equation.
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(ii) ) let P(x, y) be any point on the parabola. If PM is drawn
perpendicular to the directrix,

M P(x, y)

FP
—=e=]
PM

FP*=PM?

2 2_ x—2y+3\2
1y 2= (£ 37257

=> Ax’+Axy+y°+4x+32y+16=0
(iii) let P(x,y) be any point on the parabola. If PM is drawn

perpendicular to the directrix,

P(x.y)

e, (x-2)%+(y+3)’= (i{/;zz)z

(x-2)"+(y+3)*= (y-2)°

= X*-4x+10y+9=0
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2. Find the equation of the parabola if
(i) the vertexis (0,0) and focus is (-a,0), a>0
(ii) the vertexis (4,1) and focus is (4,-3)
Solution:
(i)From the given data the parabola is open leftward
The equation of the parabola is of the form

(y-k)*= -4a(x-h)

F
(-a.0)

Here, the vertex (h, k) is (o, o) and VF=a

~The required equation is

(y-0)*= -4a(x-0)

Y%= -4ax

(ii) From the given data the parabola is open downward.

The equation of the parabola is of the form
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(x-h)*= -4a(y-k)
Here, the vertex (h, k) is (4,1) and

VF=a

=>\/(4 —4)? + (1 + 3)?=4=a

~The required equation is
(x-4)*= -4 (4) (v-1)
(x-4)°= - 16 (v-1)

3. Find the equation of the parabola whose vertex is (1,2) and the
equation of the latus rectum is x=3 .

Solution:
From the given data the parabola is open rightward
The equation of the parabola is of the form
(y-k)*= 4a(x-h)

Here, the vertex (h, k) is (1,2)

Draw a perpendicular from V to the latus rectum.
It passes through the focus.

~Fis (3,2)
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Again VF=a=2

~The required equation is
(y-2)°= 4 (2) (x-1)
(v-2)"= 8 (x-1)

4. Find the equation of the parabola if the curve is open rightward,
vertex is (2, 1) and passing through point (6, 5).

Solution:

Since it is open rightward, The equation of the parabola is of the
form

(y- k)’= 4a(x-h)

The vertex V (h, k) is (2,1)

(y- 1)*= 4a(x- 2)

But it passes through (6,5)
4= 4 a (6-2)
a=1
~The required equation is
(v-1)°= 4(x- 2)

5. Find the equation of the parabola if the curve is open upward, vertex
is (-1,-2) and the length of the latus rectum is 4.

Solution:
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Since it is open upward, The equation of the parabola is of the

form
(x- h)’= 4aly- k)
Length of the latus rectum=4a=4 and this gives a=1
The vertex V (h, k) is (-1, -2)
Thus the required equation becomes
(x+ 1)%= 4(y+ 2)

6. Find the equation of the parabola if the curve is open leftward,
vertex is (2, 0) and the distance between the latus rectum and directrix
is 2.

Solution:

Since it open leftward, the equation is of the form

(y-k)*=-4a (x-h)

The vertex V (h, k) is (2,0)
The distance between the latus rectum and directrix=2a= 2
Giving a=1 and
The equation of the parabolais
(y-0)’=-4a (x- h)
(Or)

Y’=- 4 (x-2)
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7. Find the axis, vertex, focus, directrix, equation of the latus rectum,
Length of the latus rectum for the following parabolas and hence draw
their graphs.

(i) y?= 4x (i) x* = - 4y (i) (y+ 2)°= - 8 (x+ 1)

(iv) y2-8x+6y+9=0 (v) x2-2x+8y+17=0
Solution:
(i) y°= 4x

(v-0)’=4 (1) (x-0)
Here, (h, k) is (0, 0) and a=1
Axis : The axis of symmetry is x-axis.
Vertex : The vertex V (h, k) is (0, 0)
Focus : The focus F(a, 0) is (1, 0)
Directrix : The equation of the directrix is x=- a

e, x=-1

: The equation of the latus rectum is
X=a ie,x=1
Length : 4a=4(1)=4

The graph of the parabola looks as in fig.
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(x-0)’=-4 (1) (y-0)

Here, (h, k) is (0, 0) and a=1

Axis : The axis of symmetry is y-axis. Or x=0

Vertex : The vertex V (h, k) is (0, 0)

Focus : The focus F(0, -a) is (0, -1)

Directrix : The equation of the directrix is y=a
ie,y=1

Latus

Rectum : The equation of the latus rectum is

y=-a ie,y=-1

Length : 4a=4(1)=4

The graph of the parabola looks as in fig.
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b oy =1

v ;Iﬂ.ﬂJ

Ll 8
F
(@-I)

(ifi) (y+ 2)°=- 8 (x+ 1)

Y2=-8X where X= x+1

Y=vy+2

Y?=-4(2) X

a=2

The type is open leftward.

Referred to X, Y

Referred to x, y
X=x+1, Y=y+2

Y=0

Y=0 =>y+2=0

(0, 0)

X=0; Y=0
= x+1=0; y+2=0
= x=-1; y=-2

V(-1,-2)

(-a,0)i.e., (-2, 0)

X=-2; Y=0
= x+1=-2; y+2=0
= x=-3 ; y=-2

F ('31 '2)

Directrix

X=2
= x+1=2
= x=1

Latus rectum

X=-2
= X+1=-2
= X=-3

Length of latus rectum

4a=8

8
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—

F

.--""F.H’

Fig:
iv) y*-8x+6y+9=0

y2+6y=8x-9

(y+3)%-9=8x-9

(y+3)°=8x

Y’=8X, a=2 where X=x

Y=y+3

The type is open rightward.

Referred to X, Y

Referred to x, y
X=X, Y=y+3

Axis

Y=0

Y=0 =>y+3=0

Vertex

(0,0)

X=0; Y=0
= x=0; y+3=0
=V (0, -3)

(a, 0)i.e., (2,0)

X=2 ; Y=0
> x=2 ; y+3=0
F(2,-3)

Directrix

X=-a i.e., X=-2

X=-2
= X=-2

Latus rectum

X=a i.e. X=2

X=2
= x=2

Length of latus rectum
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(v) x*-2x+8y+17=0

X*-2x= -8y-17

(x-1)*-1= -8y-17

(x-1)*= -8y-16
(x-1)% = -8 (y+2)

X’= -8Y where X=x+1
X’=-4(2)Y a=2 Y=y+2
The type is open downward.

Fig:

Referred to X, Y

Referred to x, y
X=x-1, Y=y+2

X=0

X=0
= X-1=0
= X=1

Vertex

X=0; Y=0
= X-1=0; y+2=0
~V(1,-2)
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(0, -a)i.e., (O, -2)

Directrix Y=a i.e,Y=2

Latus rectum

Length of latus rectum

8. The girder of a railway bridge is in the parabolic form with span
100 ft. And the highest point on the arch is 10 ft. above the bridge.
Find the height of the bridge at 10 ft. to the left or from the midpoint
Of the bridge.

Solution:

Consider the parabolic girder as open downwards
i.e., x’= -4ay

It passes through (50, -10)

50x50= -4 a (-10)

_ 250
T4

=42
x* = -250y

Let B(10, y1) be a point on the parabola.
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~100 =-250 y;

100 2

Y1="%50="5

let AB be the height of the bridge at 10 ft to the right from the
midpoint AC =10 - 51 =9 % ft

i.e. the height of the bridge at the required place =9 % ft.

9. The headlight of a motor vehicle is a parabolic reflector of
diameter 12cm and depth 4cm. find the position of bulb on the
axis of the reflector for effective functioning of the headlight.

Solution:

By the property of parabolic reflector the position of the bulb
should be placed at the focus.

By taking the vertex at the origin, the equation of the reflector is
Y? = 4ax

Let PQ be the diameter of the reflector
~ P is (4,6) and since P(4,6)lies on parabola,

36 =4ax4
= a=2.25
The focus is at a distance of 2.25cm from the vertex
On the x-axis.

=~ The bulb has to be placed at a distance of 2.25cms from
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the centre of the mirror.

10. On lighting a rocket cracker it gets projected in a parabolic path and
reaches a maximum height of 4mts when it is 6mts away from the point
of projection. Finally it reaches the ground 12mts away from the
starting point. Find the angle of projection.

Solution:
The equation of the parabola is of the form
x> = -4ay

it passes through(6, -4)

The equation is x> = -Qy

Find the slope at (-6, -4)
Differentiating (1) with respect to x, we get

. 4
i.e.tan @ = 3
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0 =tan"! (4

Thus angle of projection is tan™? G)

11. A reflecting telescope has a parabolic mirror for which the distance
from the vertex to the focus is 9mts. If the distance across (diameter) the
top of the mirror is 160cm, how deep is the mirror at the middle?

Solution:
Let the vertex be at the origin.

VF =a =900
The equation of the parabola is
y2 =4 X900 Xx
Let x; be the depth of the mirror at the middle

Since (x4, 80) lies on the parabola

802 =4 X 900 X X=X, = %

.. Depth of the mirror = % cm.

12. Assume that water issuing from the end of a horizontal pipe, 7.5m
above the ground, describes a parabolic path. The vertex of the parabolic
path is at the end of the pipe. At a position 2.5m below the line of the
pipe, the flow of water has curved outward 3m beyond the vertical line
through the end of the pipe. How far beyond this vertical line will the
water strike the ground?

Solution:
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As per the given information, we can take the parabola as open
downwards
i.e. x* = —day
Let P be the point on the flow path, 2.5m below the line of the pipe and
3m beyond the vertical line through the end of the pipe.
SPis (3,-2.5)

Thus 9 = —4a (—2.5)

9
—a=—
10

. The equation of the parabola is x* = —4 X%y

Let x1 be the distance between the bottom of the vertical line on the
ground from the pipe end and the point on which the water touches the
ground. But the height of the pipe from the ground is 7.5 m

The point (x;, —7.5) lies on the parabola
X =4 X=X (75)=27

X1 = 3\/3
.. The water strikes the ground 3v'3 m beyond the vertical line.

13. A comet is moving in a parabolic orbit around the sun which is at
the focus of a parabola. When the comet is 80 million kms from the sun,

the line segment from the sun to the comet makes an angle ofg

radians with the axis of the orbit. find (1) the equation of the comet’s
orbit (i) how close does the comet comet come nearer to the sun? (Take
the orbit as open rightward).
Solution:
Take the parabolic orbit as open rightward and the vertex
at the origin.
Let P be the position of the comet in
Which FP =80 million kms.
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Draw a perpendicular PQ from P to the
Axis of the parabola.

Let FQ =X,

From the triangle FQP,
PQ=FP .sin -

=80 ><— = 4043
Thus FQ xl_FP.cosg
= 80 ><§:4o

~VQ=a+40 ifVF=a
Pis (VQ, PQ) = (a + 40, 40v3)
Since P lies on the parabola
y* = dax
(40+/3)* = 4a (a + 40)
=a =-60or 20
a = —60 is not acceptable.
.". The equation of the orbit is
y?> =4 X20 Xx
y* = 80x
The shortest distance between the Sun and the Comet is VF i.e. a

.. The shortest distance is 20 million kms.
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14. A cable of a suspension bridge hangs in the form of a parabola when
the load is uniformly distributed horizontally. The distance between two
towers is 1500 ft, the points of support of the cable on the towers are
200ft above the road way and the lowest point on the cable is 70ft above
the roadway. Find the vertical distance to the cable (parallel to the
roadway) from a pole whose height

Is 122 ft.

Solution ;

Take the lowest point on the cable as the vertex and take it as
origin.
Let AB and CD be the towers. Since the distance between the two
towers is 1500 ft.

VA" =750 ft ; AB = 200 ft
S A" B=200-70=130 ft
Thus the point B is (750, 130)
The equation of the parabola is x* = 4ay
Since B is a point on x° = 4ay

(750)* = 4a(130)

_ 75x750

—4a 3

75%750

.. The equation is x* = =

Let PQ be the vertical distance to the cable from the pole RQ.
RQ=122, RR’" =70

=R’ Q=52

Let VR be x1 .. Q is (Xq, 52)
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Q is a point on parabola
2 _ 75%x750

X1 = 13 X 52
X, = 150 V10
PQ = 2x; = 300 V10 ft.
15. Find the equation of the ellipse whose foci are (1, 0) and
.. .1
(—1, 0) and eccentricity is E
Solution:
The centre of the ellipse is the midpoint of FF where F is (1, 0)
and F" is (-1, 0).

¥

I

(-10) ;2 ‘ F,.(1D)

X

S.CentreCis= (%OZLO)

But F{F, =2ae=2ande= %

2a><1:2
2
= a=2

b% =a* (1-e%)

-4(1-)

=3
From the given data the major axis is along x-axis.
.".the equation of the ellipse is of the form
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(y—k)?
b2 1

16. Find the equation of the ellipse whose one of the foci is (2, 0)
and the corresponding directrix is x = 8 and eccentricity is %

Solution:
Let P(x, y) be a moving point.

x =8

PEY) 1M (@8y)
X

F2.0)

¥

2

By definition —-=e
PM

FP’= e’ PM?
24ty L (4 EB)?
(-2)+{y-0)= 2 (£2)
(x-2)°+y" = (x-8)

4 [(x-2)*+y’] = (x-8)*
3x*+4y” = 48
x2 y2

— 4+ =1
16+12

17. find the equation of the ellipse with focus (-1,-3), directrix x-2y=0

and eccentricity %
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Solution:

let P(X, y) be a moving point.

F(-1-3)

2

By definition L
PM

FP’= e’ PM’

2 2_16 (¢, x—2y\2
(x+1)7+(y+3)= ” (i m)

125 [(x+1)* + (y+3)°]=16(x-2y)
= 109x * + 64xy +61y°+250x +750y+1250=0

18. find the equation of the ellipse with foci (+4, 0) and vertices (+5,0)
Solution:

Let the foci be F, (4, 0) and

F, (-4, 0), vertices be A (5, 0) and A’ (-5, 0)

The centre 1s the midpoint of AA’

: . ,—5+45 040
e, Cis ( 2+ ,%)

C=(0, 0)
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oo F,\a

From the given data, the major axis is along the x-axis and the equation

of the ellipse is of the form

()% | )?
@ T =1

Here CA=a=5:CF=ae=4

b% =a’ (1-€9)
=25-16=9 and

The equation of the ellipse is

2 2

Yy _
+9—1

X
25

19. The centre of the ellipse is (2, 3). One of the foci is (3, 3). Find
the other focus.

Solution:

From the given data the major axis is parallel to the x axis.
Let F1 be (3, 3)
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Let F2 be the point (x, y).

/Fc B\ vy
1 & * L T

N\ 4

e

Since C (2, 3) is the midpoint of F1 and F2 on the major axisy = 3

x+3 _ y+3 _
—=2and—- =3

This gives x =1 and y=3.
Thus the other focus is (1, 3)
20. Find the equation of the ellipse whose centre is (1, 2), one of

the foci is (1, 3) and eccentricity is %

Solution:

The major axis is parallel to y-axis.
.". The equation is of the form

_1)\2 _1\2
@=h)? G-k _

b2 a?

CFi=ae=1
Bute =2+
2

2>a=2, a’=4
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= b? =a’ (1-6%)
_ 1
=4(1-3)
=3 C(h,k=(12)
Thus required equation is

(x-1)?% | (y-2)% _
3 T 4 1

21. Find the equation of the ellipse whose major axis is along
X-axis, centre at the origin, passes through the point (2, 1) and

- 1
gccentricity >

Solution:
Since the major axis is along the x-axis and the centre is at the
origin,
The equation of the ellipse is of the form
(x)?

It passes through the point (2, 1).

41
fE Tl

1
e=-
2
= b?=a’ (1-¢9)
— 32 1
=2'(1-3)
4b* = 33°
Solving (1) and (2)

wegetazz?, b*=4
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Thus required equation is

®? , 0? _
16/3+ 4 =1

22. Find the equation of the ellipse if the major axis is parallel to
y-axis, semi-major axis is 12, length of the latus rectum is 6 and the
centre is (1,12)
Solution:

Since the major axis is parallel to y-axis

the equation of the ellipse is of the form

_h)2 _1\2
(=h)? G-k _

b2 a?

The centre C (h, k) is (1, 12)

Semi major axis a = 12 =a’= 144

2
Length of the latus rectum % =6

2b* .
12
.".b? = 36 and the required equation is

(x—1)2

o-12)° _ 4
36 144

_|_

23. Find the equation of the ellipse given that the centre is (4, —1),
focus is (1, —1) and passing through (8, 0).
Solution:

From the given data since the

major axis is parallel to the x axis,
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1)
Fi(1.-1)

the equation is of the form

_n)2 _1\2
(xh)_l_(yk)=1

a? b2
The centre C(h, k) is (4, 1)

—_A)2 2
(x—4) _I_(y+1) —1

a? b2

It passes through the point (8, 0)

)2 2
(8—4) _I_(0+1) —1

a? b2
But CF, =ae=3
b* =a* (1-e%)
—52.52e2

= a-9

= (1)

16 1

—+5—=1

az-9
16a%-144+a’ = a*-9a°
a’-26a’+144 = 0
a’=8; a°=18
b% = a%-9
(i) if =8 thenb®=-1
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(i) if a®=18 thenb®=9
na*=18; b*=9
The required equation of the ellipse is

(x—4)? | (y+D? _
18 t 9 =1

24. Find the equation of the ellipse whose foci are (2, 1), (-2, 1)

and length of the latus rectum is 6.

Solution:

From the given data the major axis is parallel to the x axis.

¥
4

FZ{'—Z,I}

.". The equation is of the form

_h)2 —1)2
(oh)? G-k _

a? b2

Since the centre is the midpoint of F, F,

Cis (==,25)=(0, 1)

And the equation becomes

2 —1)2
@? L 0D _

a? b2
FiF,=2ae=4
a’e”"=4

a202 = g2.p2
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a’-3a-4 = 0
a=4 or -1
a=-11isabsurd
a=4
b’=3a=12
Thus the required equation is

x)? | -1
16 T 12 =1

25. Find the equation of the ellipse whose vertices are (—1, 4) and

(—7, 4) and eccentricity is % :

Solution:
From the given data the major axis is parallel to x axis.

¥
&y

A A
74) (14)

a?
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The centre is the midpoint of AA’

(59 =0

Thus the equation becomes

(+0? | =9?
a? T b2 =1

We know that
AA" = 2a=6 => a=3

bZ:aZ(l-eZ):9(1— %):8

The required equation is

(x+4)? | —4)* _
9 + 8 =1

26. Find the equation of the ellipse whose foci are (1, 3) and (1, 9)
and eccentricity is %

Solution:

From the given data the major axis is parallel to y axis.

¥
& x=1
F,(1.9)

Fy(13)

| = X

.". The equation is of the form

—_h)2 —1)2
(-h)? G-k _

a? b2
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The centre of the ellipse is the midpoint of F, F,
. . 1+1 349\
eis () = @e)

6
1

bute==: ~a=6
2

b? = a’ (1-6%) = 36 (1 - i) = 27

Thus the required equation is

(x-1)% | (y—6)* _
27 t 36 =1

27. Find the equation of a point which moves so that the sum of its
distances from (-4, 0) and (4, 0) is 10.

Solution:
Let F,and F, be the fixed points (4, 0) and (-4, 0)

respectively and P(xy, y,) be the moving point.

P(x.y)

Fy40) | Fam
It is given that FP + F,P =10
Ve = D2+ (rp — 0)2 +/(xg +4)2 + (y1 — 0)2 =10
Simplifying we get
9xZ + 25y# = 225.

= the locus of (x1,y1) is
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@2, 2 _
25-|_9_1

28. Find the equations and lengths of major and minor axes of

(y+1)
16

(|)—+—— 1 (i) 4x* + 3y* =2 (|||)
Solution:

(i) The major axis is along x-axis and

the minor axis is along y-axis.

This gives the equation of major axis as y = 0 and

The equation of minor axis as x = 0.

We havea®=9; b*=4
—a=3, b=2

.".The length of major axis is 2a = 6 and

The length of minor axis is 2b = 4

(i) 4x° + 3y* = 2

=1

v’
4

xZ
=+
The major axis is along y-axis and the minor axis is along x-axis.
.".The equation of major axis is x =0 and
The equation of minor axis isy = 0.
Herea®=4; b°=3
=a=2, b=+3

.".The length of major axis (2a) = 4
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The length of minor axis (2b) = 2 V3
(i) Letx-1=Xandy+1=Y

.". The given equation becomes

2 2
v _
+L=1

x
9
Clearly the major axis is along Y-axis and
the minor axis is along X-axis.
.". The equation of major axis is X =0 and
the equation of minor axisis Y =0
I.e., the equation of major axis is x —1 = 0 and
the equation of minor axisisy+1=0
Herea®=16, b*=9
—a=4, b=3 ..Lengthof majoraxis (2a)=8
.. Length of minor axis (2b) = 6
29. Find the equations of axes and length of axes of the ellipse
6X° + 9y + 12x —36y —12 = 0
Solution:
6x° + 9y + 12x —36y —12 = 0
(6x° + 12x) + (9y*—36y) = 12
6(X° + 2x) + 9(y*—4y) = 12
6{(x + 1)*-1} + 9 {(y -2)* 4} =12
B(x+1)°+9(y—2)°=12+6+36
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6(x + 1)° + 9(y —2)° =54

(x+1)2+(y—1)2_
9 6
Let X = x+1; Y =y-2

1

.". The equation becomes

X2 y?
—+—=1
9 6

Clearly the major axis is along X-axis and
the minor axis is along Y-axis.
.". The equation of the major axisis Y = 0 and
the equation of the minor axisis X = 0.
The equation of the major axis isy —2 =0 and of
minor axisisx+1=0
I.e., the equation of the major axisisy—2=0
Here a°=9, b°=6
—a=3, b=+6
.". The length of major axis (2a) = 6
The length of minor axis (2b) = 2 V6

30. Find the equations of directrices, latus rectum and length of latus
rectums of the following ellipses.
Solution:
(i) 25%° + 9y* = 225
(iii) 4x° + 3y° + 8x + 12y +4 =0
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Solution ;

(i) The major axis is along x-axis
Herea” =16, b*=9

- fiE
e

Equations of directrices are

x:ig

_+T_

Equations of the latus rectums are
X =++ae
X = +V7

length of the latus rectum is

(i) 25%* + 9y* = 225
2 2

X
5 T3 =1

Here a®=25, b®>=9
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-/_i
6—125

Equations of directrices are
x=4+2
e
x=+2
4
Equations of the latus rectums are
X =xae
X=44

length of the latus rectum is
2b% _ 2x9 _ 18

a 5 5

(iii) 4x*+ 3y’ +8x + 12y +4=0
(4x° +8x) + (By* +12y) +4=0
A(X* + 2X) + 3(y° + dy) =4
A{(x+1)° -1} +3{(y +2)4}=—4
A(x + 1)+ 3(y +2)°= 12

— 1)2 + 1)2
(x )+(y )=1
9 16

2 2

X—+—Y =1 where X = x-1
3 4
Y =y+1

The major axis is along Y axis.
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Here a2 = 4, b2:3ande:%

Equations of the directrices are Y = i%

. 2
= +_-
l.e.Y 4D

(i) Y=4
y+2=4
=y =2

(i) Y=—4
y+2=-4
=y =-6
The directricesarey=2andy =—6

Equations of the latus rectum are Y = *ae

e Y= +2 (%)

Y==x1
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.".Equation of the latus rectumarey=—1andy =-3

Length of the latus rectum is

2b%2  2x3
—=——=3
a 2

31. Find the eccentricity, centre, foci, vertices, of the following ellipses:

2 2 2 2 2 _cy\2
HE+t=1 @OHZ+L=1 (i) EL+ =
(iv) 36x°+4y>-72x+32y-44=0

Solution:

L x2 oy
(|)£+?—1

The major axis is along x-axis a* = 25, b*= 9
e= % andae =4

Clearly centre C is (0, 0),

Fociare (fae, 0) =(*=4,0)

Vertices are (*a, 0) = (%5, 0)

Al fz Cmﬁh > X
{—smm _y(iﬂ)
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(i) The major axis is along y-axis a°= 9, b* = 4
e= ‘/?g and ae = /5
Clearly centre C is (0, 0)
Foci are (0, =ae) = (0, i\/g)

Vertices are (0, =a) = (0, =3)

. (x43)2 | (y-5)?%
D) —t =1

Letx+3=X, y-5=Y
.". The equation becomes

X2 v?
sta =1
The major axis is along X-axis
a’=6, b*=4
_1 _
6= and ae = /2

Referredto X, Y

Referred to x, y
X=x+3,Y=y-5

(0, 0)

X=0,; Y=0
= X+3=0; y-5=0
~C(-3,5)
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Vertices

(+a, 0) i.e., (6, 0)
(i) (V6,0)

(i) (-V/6, 0)

(i) X=v6; Y=0

= X+3=6 ; y-5=0
X=v6—3,y=5
A (-3+6, 5)

(i) X=-V6; Y=0

X+3=-6 y-5=0
=-3-4/6, y=5
A’ (-3-6,5)

(tae, 0)
i.e., (+V2, 0)
(i) (V2, 0)

(ii) (=2, 0)

(()X=+2,Y=0
X+3=\/§,y—5=0
=-3+V2, y=5

F1 (-3+V2, 5)

(i) X = —v2, Y =0
X+3 = —\/E, y-5=0
X =-3—/2,y =5

F, (-3—V2, 5)

({35;

-3 -6, 5}&

(iv)36X° + 4y*—72x + 32y —44 =0
36 (x°-2x) + 4 (y* + 8y) = 44
36 {(x 1)1} + 4 {(y + 4)>-16} = 44
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36(x —1)2+ 4 (y + 4)* = 144

— 1)\2 2
-1 G+

4 36

where X=x-1,Y=y+4
The major axis is along Y-axis.
a’=36,b=4

242

e ==—-and ae = 12

Referred to X, Y

Referred to x, y
X=x-1, Y=y+4

Centre (0, 0)

X=0 ; Y=0
= X-1=0 ; y+4=0
~C(1,-4)

Vertices (0, +a)i.e., (0, +6)
(i) (0, 6)

(i) X=0; Y=6

= X-1=0 ; y+4=6
X=1y=2
A(1,2)

(i) X=0; Y=-6
X-1=0, y+4 =-6
X=1, y=-10

A’ (1, -10)

(0, tae)
i.e., (0, +4+/2)
(i) (0, 4v/2)

(()X=0,Y=24/2
X-1=0, y+4 = 4v/2
X=1, y=4/2 -4

Fi(1, 42 — 4)
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(i) (0, -4v/2)

(i) X=0,Y =-4/2
x-1=0; y+4=-4/2
x=1,y= -4-842

F, (1, -4-4/2)

Fl442-4)
Ao EL-4-440)

32. An arch is in the form of a semi-ellipse whose span is 48 feet wide.
The height of the arch is 20 feet. How wide is the arch at a height of 10

feet above the base?

Solution:

Take the midpoint of the base as the centre C (0, 0)

Since the base wide is 48 feet,

(240)

The vertices A and A'are (24, 0) and (—24, 0) respectively.
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Clearly 2a =48 and b = 20.

The corresponding equation is
2 2

X y
+ =1
242 202

Let x; be the distance between the pole whose height is 10m and the
centre.

Then (x4, 10) satisfies the equation (1)
2

Y _
+202—1

PyY

= x;=12V3
Clearly the width of the arch at a height of 10 feet is 2x; = 24/3

Thus the required width of arch is 24+/3 feet.

33. The ceiling in a hallway 20ft wide is in the shape of a semi ellipse
and 18 ft high at the centre. Find the height of the ceiling 4 feet from
either wall if the height of the side walls is 12ft.
Solution:

Let PQR be the height of the ceiling which is 4 feet from the wall.

From the diagram PQ = 12 ft
To find the height QR
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Since the width is 20ft, take A, A’ as vertices with A as (10, 0)
and A" as (-10, 0).
Take the midpoint of AA” as the centre which is (0, 0)
From the diagram AA” =2a =20

—a=10 and b=18-12=6

2 2

Let QR be y; then R is (6, y,)
Since R lies on the ellipse,

36 y12:1

100 36
=Yy, =4.8

S.PQ+QR=12+438

.. The required height of the ceiling is 16.8 feet.
34. The orbit of the earth around the sun is elliptical in shape with
sun at a focus. The semi major axis is of length 92.9 million miles
and eccentricity is 0.017. Find how close the earth gets to sun and
the greatest possible distance between the earth and the sun.
Solution ;
Semi-major axis CA is
a = 92.9 million miles
Given e =0.017

The closest distance of the earth from the sun = FA
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and farthest distance of the earth from the sun = FA’

S :

N

CF=ae =929 X0.017

FA=CA—-CF=929-92.9 X0.017
=92.9[1-0.017]
=92.9 X0.983 =91.3207 million miles
FA” =CA+CF=92.9+929 X0.017
=929 (1+0.017)
=902.9 X1.017 =94.4793 million miles
35. A ladder of length 15m moves with its ends always touching the
vertical wall and the horizontal floor. Determine the equation of the
locus of a point P on the ladder, which is 6m from the end of the
ladder in contact with the floor.
Solution:
Let AB be the ladder and P(xy, y;) be a point on the ladder
such that AP = 6m.
Draw PD perpendicular to x-axis and
PC perpendicular to y-axis.

Clearly the triangles ADP and PCB are similar.
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Y1
6x

-1
9
9
BC= =+ =

6 2

2x1
3
3y1

2x1 _ 5xq
3

OB=0C+BC =y +21=2
2 2

OA =0D + DA = x;+

OA%+OB?= AB?

25 25
?x% + Tyt =225

.".The locus of (xy, y1) is
2 2

4 §—6 = 1, which is an ellipse.

81
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36. Find the equation of hyperbola whose directrix is 2x+y =1,

Focus (1, 2) and eccentricity v3 .
Solution:

Led P(x, y) be any point on the hyperbola.

P(x.y)

F(1.2)

Draw PM perpendicular to the directrix.

By the definition,
FP
—_— e
PM
FP?= e’ PM®

(x-1)%+(y-2)%= 3 (i NrEsi

2x+y—1)2

[(x-1)? + (y-2)?] = 2(@x+y-1)°

= 7x % + 12Xy -2y*-2x +14y-22 = 0
Thus is the required equation of the hyperbola

37. Find the equation of the hyperbola whose transverse axis is
along x-axis. The centre is (0, 0) length of semi-transverse
axisis 6 and eccentricity is 3.

Solution:

Since the transverse axis is along x-axis and the centre is (0, 0),
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The equation of the hyperbola is of the form

x2 y2

a2 p2
Given that semi-transverse axis a = 6,eccentricity e = 3
We know that b? = a* (e*-1)
b® = 36 (8)
= 288
.". The equation of the hyperbola is

xZ y2

=1
36 288

38. Find the equation of the hyperbola whose transverse axis is
parallel to x-axis, centre is (1, 2), length of the conjugate axis is 4

and eccentricity e = 2.
Solution:
Since the transverse axis is parallel to x-axis

The equation is of the form

@-m2  G-k)?* _

b2 =1
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Here centre C(h, k)is (1, 2)

The length of conjugate axis2b =4 and e =2
b® = a* (e*-1)
4=3a" (4-1)

Thus the required equation is

(x—-1)* (y-2)°
4/3 4

39. Find the equation of the hyperbola whose centre is (1, 2).
The distance between the directrices is ? the distance between

the foci is 30 and the transverse axis is parallel to y-axis.
Solution:
Since the transverse axis is parallel to y-axis, the equation is of the form
G=l? _ G=h? _
a? b2
Here centre C(h, k) is (1, 2)

The distance between the directrices
2a _20 ,a _ 10

e 3 e 3
The distance between the foci, 2ae = 30 —ae = 15

a 10
z(ae) == X 15
=a’ =50

ae 2 9
Also— = e“ = -
a/e 2

The required equation is
b% = a? (e*1)
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b2 =50 ¢ — 1)

=175
The required equation is

0-2)° =Dy
50 175

40. Find the of equation the hyberbola whose transverse is parallel to y-

axis is 4 and eccentricity is 2.
Solution:
From the given data the hyperbola is of form

(y)z_@=1

a’ b2
Given that semi- conjugate axisb =4 and e = 2.

b* = a’ (e*-1)
4%= a* (2°-1)
2_ 16
3
Hence the equation of the hyperbola is
M * _
16/3 4

a

1

3y°-x°= 16
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41. Find the equation of the hyperbola whose foci are (6, 0) and length

of the transverse axis is 8.
Solution:

From the given data the transverse axis is along x-axis.

[

Ll

Fy(-6.0) F,(6.0)

The equation is of the form

(x—h)?  (y—-k)?* _
a2 b2 =1

The centre is the midpoint of F, and F,

e, Cis (F252,22) = (0,0)

The length of the transverse axis2a=8,=>a=4

FIF2=2ae 12 ae=6

e__6__3
4 2

b® = a° (e*-1)
16Xx5

b*=16(C—1)= = =20
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Thus the required of the equation is

42. Find the equation of the hyperbola whose foci are (5, ==4) and
Eccentricity is %

Solution:

From the given data the transverse axis is parallel to y-axis

y
4 Wﬁﬁm

(0.0)

- I

l F,(5.4)

And hence the equation of the hyperbola is of the form

(y—k)? (x—h)? _
a2 b2 =1

The centre C (h, k) is the midpoint of F1 and F2

5+5 4—4
T7) =60

FiF,=2ae=,/(5—5)2+ (4+4)2=8
Lae =4
e=3

T2

b* = a? (e*-1)
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64 ,9
bzz?(z—l)

_80
)
Thus the required of the equation is

0-0? _ =5’ _ 4
64/9 80/9

43. Find the equation of the hyperbola whose centre is (2, 1) one of the

foci is (8, 1) and the corresponding directrix is x = 4.
Solution:
From the given data equation is of the form

G=h)? _ 0=k?

a? b2

x =4

F,(8.1)
* ¥

1

= X

Centre C (h, k) is (2, 1)
CFi=ae=6

The distance between the centre and directrix

Cz=%=2
e
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ae.%:6><2 =>a’=12

ae _ 6 9
— =T =>e" =3
a/e 2

b% = a? (e%-1)
b*=12(3—1)
=24
Thus the required of the equation is

=2 _ 0=D? _ 4
12 24

44. Find the equation of the hyperbola whose foci are (0, =5) and
the length of the transverse axis is 6.
Solution:
From the given data the transverse axis is along y-axis and
'

$ F,(05)
o)

C

1 F,(0.-5)

hence the equation is of the form

(y—k)?  (x—h)?
a2  p2

The centre C (h, k) is the midpoint of F, and F,

=1
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. (0+0 5-5

)=(0,0)
The length of the transverse axis 2a=6,=>a=3

FiF,=2ae=10 ae=5

5
e=-
3

b% = a? (e*-1)
b’=9 (> -1)=16

Thus the required of the equation is

2 2
X
4 =1

9 16

45. Find the equation of the hyperbola whose foci are (0, *++/10)
and passing through (2, 3).
Solution:

From the data, the transverse axis is along the y-axis.

¥
4

¢ F,(0,V10)
(0.0)

} F,(0, -V10)

2 2
..it is of the form Z—z |

Given that the foci are (0, +ae) = (0, ++/10)
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—ae =10

Also b® = a* (e-1) = a%e*-a’

2

. . . y2 X _
.".Equation of the hyperbola is AT 1

It passes through (2, 3),

__* 1

9
a? 10—a?

9(10—a?)—4a?
a?(10—a?)

90 —9a%-4a% = 10a*-a*

=1

a'-23a°+90=0
(a*-18) (a-5) =0
a’=18o0r5
If a® = 18, b® = 10 —18 = -8 which is impossible.
Ifa®=5b°=10-5=5
.".Equation of the hyperbola is

2 2
Yy X 2 2
———=1or y-x"=5
5 5 y

46. Find the equations and length of transverse and conjugate axes

2 2
of the hyperbola % — yj =1

Solution:
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The centre is at the origin, the transverse axis is along x-axis and
the conjugate axis is along the y-axis.
I.e., transverse axis is x-axis i.e., y = 0 and
the conjugate axis y-axis i.e., x = 0.
Hence a°=9, b°=4
—a=3, b=2
.".Length of transverse axis = 2a =6
Length of conjugate axis = 2b =4
47. Find the equations and length of transverse and conjugate axes
of the hyperbola 16y*—9x* = 144

Solution:

2 2
X
Y =1

9 16
The centre is at the origin,

The transverse axis is along y-axis, and

The conjugate axis is along x-axis.
.". The transverse axis is y-axis, i.e. X =0
The conjugate axis is x-axis i.e. y = 0.
Here a°=9, b*=16

—a=3, b=4
.".The length of transverse axis =2a =6
The length of conjugate axis =2b =8

48. Find the equations and length of transverse and conjugate axes
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of the hyperbola 9x*~36x —4y*~16y + 56 = 0
Solution:
9(x*—4x) —4(y* + 4y) = —56
9{(x —2)-4} —4 {(y + 2)>-4} =56
9(x —2)*—4(y + 2)* = 36 —16 —56
9(x —2)*—4(y + 2)* =36
Ay + 2)*-9(x —2)* = 36

y+2?° (x-27°
9 4

1

2 2
X — 1 Where X=X-2; Y=y+2
9 16

Clearly the transverse axis is along y-axis and
the conjugate axis is along x-axis.
l.e. transverse axis isy-axisor X =01.e.,x—2=0
The conjugate axis is X-axisorY =01i.e.,y+2=0
Here a2 =9, b2 =4
—a=3, b=2
The length of transverse axis =2a =6
The length of conjugate axis =2b =4

49. Find the equations of directrices, latus rectum and length of

2 2

latus rectum of the hyperbola % — yz =1

Solution:
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The centre is at the origin and

the transverse axis is along x-axis.

The equations of the directrices are x = i%

The equations of the latus rectum are x = =ae

2
Length of the latus rectum = %

Herea’=9, b’=4
b2
/1+;
[[4i_V8
1+35=73

.. The equations of the directrices are

e=
e=

X:—|— 3 = ke

~TEa tUn
The equation of the latus rectum are x = +v'13

Length of the latus rectum is

2b2 8

a 3
50. Find the equation of directrices, latus rectum and length of latus

rectum of the hyperbola 16x%-9x* = 144

Solution:

2 2
X

. _Z =1

9

1
5

Herea2:9,b2:l6e:§

The transverse axis is along the y-axis.
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.".The equations of the directrices are y = i%

. 9
le,y= ig

The equation of the latus rectum are y = *=ae
lLe,y==*5

Length of the latus rectum is
2b* _ 32

a 3
51. Find the equations of directrices, latus rectum and length of

latus rectum of the hyperbola 9x*—36x —4y*~16y + 56 = 0
Solution: By simplifying we get

2 2
%—X——lwhereY y+2 X=x-2

Here a®=9, b’=

b2

a?

4 13
1+-=—
9 3

_ a_ 9
ae—x/1_3,e—m

The transverse axis is along Y- axis.
The equations of the directrices are
(I)Y_\/___ y2_\/_ y:——2

Ny 9 _ _ -
(")Y__\/T_s_>y+2_\/T—3‘>y‘__

The equation the latus rectums are
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(i) Y=v13 =>y+2=4/13=>y=+13 -2
(i) Y=—/13 =>y+2=—/13 =>y=—-/13-2
Length of the latus rectum is

2b2 8

a 3
52. The foci of a hyperbola coincide with the foci of the ellipse x

2 2
+ y? = 1 Determine the equation of the hyperbola if its eccentricity

X
25
is 2.

Solution:

The equation of the ellipse is

The foci of the ellipse are (= ae, 0) = (=4, 0)
Given that the foci of the hyperbola coincide with the foci
of the ellipse, foci of the hyperbola are (*=ae, 0) = (=4, 0)

Given that the eccentricity of the hyperbola is 2
a(2)=4
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—a=2

For a hyperbola b?= a? (e-1)

— 820?72

=164
=12
.". The equation of the hyperbola is

2yt
4 12

53. Find the equation of the locus of all points such that the differences

of their distances from (4, 0) and (—4, 0) is always equal to 2.
Solution:

By the property, the locus is a hyperbola.

Take the fixed points as foci.

S.Fpis (4,0)and F, is (-4, 0)

Let P(X, y) be a point on the hyperbola.

F,P~ F,P=length of transverse axis =2a =2

J.a=1

Centre is the midpoint of F;F, = (0, 0)

Hence from the given data the

Hyperbola is of the form

F1F2 =2ae=8
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ae=4=e=4

b® = a* (e*-1)
= 1(16 -1) = 15

2 2

Thus the equation is — — 2= =1
1 15

54. Find the eccentricity, centre, foci and vertices of the hyperbola

x2 y2
~ T = 1 and also trace the curve

Solution:

The transverse axis is along the x-axis
Centre : (0, 0)

Foci : (*ae, 0) =(=£3,0)
Vertices : (£a,0)=(%£2,0)

¥y

F 3

kﬁ' c|@oD) ﬁ( Cx
W(—zm {MIQ !

55. Find the eccentricity, centre, foci and vertices of the hyperbola
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yZ x2
i 1 and also trace the curve.

Solution:

The transverse axis is along the y-axis
Centre : (0, 0)
Foci are : (0, Tae)=(0, *+2V6)
Vertices : (0, =a) = (0, *+6)
A
(026

A(D,V6)
(0.0)

A'(D,-V6)

(0,-2V6

56. Find the eccentricity, centre, foci and vertices of the hyperbola

Ox*~16y*—18x —64y —199 = 0 and also trace the curve.
Solution:

9(x*—2x) —16 (y* + 4y) = 199
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of(x —1)1} —16 {(y + 2)*-4} = 199
9(x —1)>-16(y + 2)°= 199 + 9 —64
9(x —1)*—16(y + 2)* = 144

x-1*  @+2)* _ 1
16 9

. X% v? B
|.e.,E+?—1where X=x-1

Y=y+2

ae =4 ><5:5
4

The transverse axis is parallel to X-axis.

Referred to X, Y Referred to x, y
X=x-1, Y=y+2

Centre (0, 0) X=0; Y=0
= X-1=0; y+2=0
~C(1,-2)

(*+ae, 0) is (=5, 0) () X=5;Y=0
(i) (5,0) x-1=5;y+2=0
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(i) (-5, 0)

X=6;y=-2
" Fy (6, 2)

(i) X=-5;Y=0
x-1=-5;y+2=0
SRy (4, 2)

Vertices

(+a, 0)ie. (=4,0)
(i) (4, 0)

(if) (-4, 0)

) X=4;Y=0
Xx-1=4;y+2=0
SA(5,-2)

Ny X=-4;Y=0
X—1=—4;y+2=0
LA (-3,-2)

(«7(—3.—2}

57. Find the eccentricity, centre, foci and vertices of the following
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hyperbola and draw the diagram :; 9x*—16y” + 36x + 32y + 164 = 0
Solution:
9(x? + 4x) —16(y*—2y) = —164
of(x + 2)*-4} —16 {(y -1)>-1} =164
9(x + 2)~16(y —1)* = —164 + 36 —16
16(y —1)*-9(x + 2)* = 144

(v —1)° (X+2)2_1
9 16

. v?  x? _
|.e.,?+E—1where X=X+2

y-1

ae=5

The transverse axis is parallel to Y-axis.

Referred to X, Y Referred to x, y
X=x+2,Y=y-1

Centre (0, 0) X=0; Y=0

= X+2=0; y-1=0
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+C(2,1)

Vertices

(0, ta)i.e., (0, +3)
(i) (0, 3)

() X=0; Y=3
= X+2=0 ; y-1=3
A (-2, 4)

(i) X=0; Y=-3
X+2=0, y-1=-3
X=-2, y=-2

A (-2, -2)

(0, +ae)
i.e., (0, +5)
(i) (O, 5)

(ii) (0, -5)

(i) X=0,Y=5
X+2=0,y-1=5
X=-2,y=6

F1(-2, 6)
(i) X=0,Y=-5
X+2=0; y-1=-5
X=-2;y=-4

F2 (-2, -4)
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a2

F,{(-2.4 \

58. Points A and B are 10 km apart and it is determined from the sound

of an explosion heard at those points at different times that the location

of the explosion is 6 km closer to A than B. Show that the location of the

explosion is restricted to a particular curve and find an equation of it.

Solution:

Given:

r

/>

;;[—5. 1)

PB—PA=6

B(5.0)

Jx =52 +y2-J(x +5)* +y2=6
Simplifying we get —9y? + 16x°= 14

2 2

A
16+9 1

117 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




This is a hyperbola
59. Find the equations of the tangents to the parabola y* = 5x from
the point (5, 13). Also find the points of contact.
Solution:
The equation of the parabola is y* = 5x

Here4a =5

5
—a=-
4

Let the equation of the tangent be y = m x +%

y:mx+i ----- Q)

4im

Since it passes through (5, 13) we have

13=5m +—
4m

.20m>52m+5=0
(10m-1) 2m-5)=0
. 1 5
Jm=—or m=-
10 2

Using the values of m, we get the equations of tangents are
2y =5bx +1,
10y = x + 125.

The points of contact are given by(% in—a)
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1

where a = ,
10

.".the points of contact are (% 1 ) , (125, 25)

60. Find the equation of the tangent at t = 1 to the parabola y* = 12x
Solution:

Equation of the parabola is y* = 12x.

The equation of the tangent at ‘t” is yt = X + at’

Here 4a = 12

—a=3 Alsot=1

.".the equation of the tangentisy =x + 3

X-y+3=0
61. Find the equation of the tangent and normal to the parabola
x> +x-2y+2=0at(1,2)

Solution:

The equation of the parabola is x* + x —2y + 2 = 0

Equation of the tangent at (X4, y,) to the given parabola is

XXl + X-;Xl _2 (3”;3’1) + 2 — O

e, x(1)+= 222 +2=0

On simplification we get 3x 2y + 1 =0

Equation of the normal is of the form 2x + 3y + k=0
This normal passes through (1, 2)
S.2+6+k=0."k=-8
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.".Equation of the normal is 2x + 3y 8 =0

62. Find the equations of the two tangents that can be drawn from
the point (5, 2) to the ellipse 2x* + 7y* = 14
Solution:

Equation of the ellipse is 2x* + 7y* = 14

. x2 2

le.———=

7 2
Herea’=7, b%=2

Let the equation of the tangent be y = m x+va?m? + b2
Sy=mx+vV7mZ +2
Since this line passes through the point (5, 2) we get
2=5m++vV7m2 +2
ie.2-5m=vV7m? + 2
".(2-5m)°=7m’ + 2
4 + 25m*-20m = 7m’ + 2
18m*-20m + 2 =0
9m*-10m+1=0
S.(9m-1) (m-1)=0

. 1
..mzlormza

To find the equations of the tangents, use slope-point form
(i) m=1,
The equationisy—2=1(x—5)i.e., x-y—-3=0
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(i) m = 1/9

The equationisy —2 = % (x—5),i.e.,x—9y + 13 =0.

Thus the equations of the tangents are
Xx—-y—-3=0,
X—9y+13=0
63.Find the equation of chord of contact of tangents from the point
(2, 4) to the ellipse 2x* + 5y* = 20
Solution:

The equation of chord of contact of tangents
from (xq, y1) to 2x° + 5y>-20 = 0 is
2xX; + 5yy;—20 =0
.". The required equation from (2, 4) is
2x (2) +5y(4) 20=0
l.e.x+5y-5=0
64. Find the separate equations of the asymptotes of the hyperbola
3X*-5xy —2y* + 17x +y + 14 =0
Solution:

The combined equation of the asymptotes differs from the

hyperbola by a constant only.

.".the combined equation of the asymptotes is
3% -5xy —2y° + 17x +y +k =0
Consider 3x*~5xy —2y2 = 3x2 —6xy + Xy —2y*
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= 3x (X ~2y) + y(x ~2y)
= (Bx+y) (x~2y)
.".The separate equations are 3x +y + 1 = 0,
X—2y+m=0
S(Bx+y+ 1) (x—2y +m) = 3x°5xy 2y + 17x +y + k
Equating the coefficients of x, y terms and constant term,

Weget |+3m=17-— (1)

Solving (1) and (2) we get | =2, m=5and k =10
Hence separate equations of asymptotes are
x+y+2=0,
X—2y+5=0
The combined equation of asymptotes is
3x*-5xy —2y* + 17x +y + 10 =0
65. Find the equation of the hyperbola which passes through the
point (2, 3) and has the asymptotes 4x + 3y =7 =0 and x —2y = 1.
Solution:
The separate equations of the asymptotes are
4x + 3y —7 =0,
bx-2y-1=0

.".combined equation of asymptotes is
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(4x+3y—-7)(x—2y-1)=0
The equation of the hyperbola differs from this combined equation
of asymptotes by a constant only.
.".the equation of the hyperbola is of the form
(4x+3y-7)(x—2y-1)+k=0
But this passes through (2, 3)
(8+9-7)(2-6-1)+k=0..k=50
.".The equation of the corresponding hyperbola is
(Ax+3y-7)(x—2y-1)+50=0
i.e., 4x*—5xy —6y*—11x + 11y + 57 = 0
66 . Find the angle between the asymptotes of the hyperbola
3x°—y*—12x -6y —9 = 0
Solution:
3x*-y*—12x -6y -9 =0
3(x*—4x) —(y*+ 6y) = 9
3{(x—2)~4} {(y +3)*9} =9
3(x —2)*—(y + 3)° =12

(x—2)*  @+3)* _ 1
4 12

Here a=2,b=+12=2v3

The angle between the asymptotes is
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= otan Y3

2
=2 tan W3

_277,'
3

67. Find the angle between the asymptotes to the hyperbola
3x%-5xy —2y* + 17x +y + 14 =0
Solution:
Combined equation of the asymptotes differs from that of they
parabola by a constant only.
.".Combined equation of asymptotes is
3X*-5xy —2y*+ 17x +y + k=0
3X2—5xy —2y° = 3X°—6Xy + Xy —2y°
= 3X(x —2y) + y(x —2y)
= (x—2y) (3x +Y)
.. Separate equations are x =2y + 1 = 0,
3X+y+m=0
Let m; and m, be the slopes of these lines,
Then my :%, m, =—-3

..angle between the lines is tan9:| S
1+mimy

_ | 1/2-(=3)

14+1/2(-3)
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=7
0 =tan* (7)
68. Prove that the product of perpendiculars from any point on the

2 2
hyperbola Z—Z — z—z = 1 to its asymptotes is constant and the value is

a’b?
a’+h2’

Solution:

2

2
Let p(xy, ;) be any point on the hyperbola z—z — Z—Z =1
x 2 y 2
-1

The perpendicular distance from asymptote
¥1_Y1
a_ b
1

b2

=0 Is and to

1
—+
a?

1
b2

1
—+
a?l
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This is constant.

69. Find the equation of the standard rectangular hyperbola whose

centre is (—2,_73)and which passes through the point (1_?2)

Solution:
The equation of the standard rectangular hyperbola with
centre at (h, k) is (x —h) (y —k) = ¢?
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. )
The centre |s(—2,7).
.".the equation of the standard rectangular hyperbola is
(x+2) (y+3) = c*

It passes through (1_?2)

on (243 - ¢

Hence the required equation is

(x+2) () =3

or
2xy +3x+4y+1=0

70. The tangent at any point of the rectangular hyperbola xy = ¢?

makes intercepts a, b and the normal at the point makes

intercepts p, g on the axes. Prove that ap + bq =0

127 BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




Solution:
Equation of tangent at any point ‘t’ on xy =c” is x+yt?
or

X y
2ct T 2c/t

: 2
~ intercept on the axes are a = 2ct,b = TC

Equation of normal at ‘t’ on x y =c® is y-xt” = % —ct?

. 1 /c
mtercept on axes arep = ;

~ap+ bg = 2ct (;—21) (% — ct3) +=

S (e o) 25
t t t t

=0
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71. Show that the tangent to a rectangular hyperbola terminated by
its asymptotes is bisected at the point of contact.

Solution:
The equation of tangent at P(ct, %)is X + yt® = 2ct

Putting y = 0 in this equation

we get the co-ordinates of A as(2ct, 0).

Putting x = 0 we get the co-ordinates of B as(O,ZTC)

2ct+0 0+25
The mid-point of AB is( == t) = (ct, %)

2 2

This is the point P. This shows that the tangent is bisected at the
point of contact.
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4. Analytical Geometry

EXxercise sums:

1. Find the equation of the parabola if
1) Focus : (2,-3) :directrix : 2y —3=0
i) Focus : (-1, 3) :directrix : 2x + 3y =3
Ii) Vertex : (0, 0) : focus : (0, -4)
Iv) Vertex : (1,4) :focus: (-2, 4)
v) Vertex : (1, 2) :latus rectum:y =5
vi) Vertex : (1, 4) : open leftward and passing through the point (-2, 10)
vii) Vertex : (3, -2): open downward and the length of the latus rectum is 8

viii) Vertex : (3, -1): open rightward : the distance between the latus rectum
and the directrix is 4.

iX) Vertex : (2, 3) : open upward ; and passing through the point (6, 4)
Solution : i)Focus : (2, -3) : directrix : 2y-3 =0

Let P(X, y) be any point on the parabola. If PM is drawn,
perpendicular to the directrix

FP _ e=1 2y'3:0

PM

= FP?=PM? 7 Pey)
(x+1)% + (y-3) (2x+3y—3)2J

V0?+2? 2, -3)
= 4x%-16x+36y+43=0
(if) Focus : (-1, 3) ; directrix : 2x+3y=3
Let P(x, y) be any point on the parabola. If PM is draw, perpendicular to the
directrix
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oo 2X+3y=3

= FP’=PM’ 7 P(x)

(cHLY? + (y-3) =[(H(2x+3y-3) }
V22437
= 9x%-12xy+4y*+38x-60y+121=0

F(-1, 3)

(ii) Vertex : (0,0) ; focus : (0, -4)
From the given data the parabola is open downward.

The required equation is
(x-h)* = -4a (y-k)

Here, the vertex (h, k) is (0,0) and the distance between

vertex and the focus VF = a
A= J(0-0)2 + (0+42=+16=4
The required equation is
(x - 0)* = -4(4) (y - 0)
2= -16y
Iv) Vertex : (1, 4) ; focus : (-2, 4)

From the given data the parabola is open leftward. The

Equation of the parabola is of the form
(y —k)* = -4a(x - h)
Here, the vertex (h, k) is (1, 4) and VF =a

a=,/(1+2)? +(4—4)2
a=3

(y—4)*=-4(3) (x-1)

(y—4)2 =-12(x-1)
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V) Vertex : (1, 2) ; Equation of the latus rectum is y =5
From the given a data the parabola is open upward.
The equation is of the form
(x—h)* =4a(y — k)
Here, the vertex V(h, k) is (1, 2)
LR
Draw a perpendicular from V to the latus rectum.
It meets at the focus. F is (1,5)
V(1,2)
Again VF =a =3
The required equation is
(x -1)° = 4(3) (y-2)
(x-1)* =12 (y-2)
vi) Vertex : (1, 4) ; open leftward and passing through the point (-2, 10)

Since it is open leftward, the equation of the parabola is of the form
(y — k) = -4a(x-h)
The vertex V(h, K) is (1,4)
(y-4)” =-4a(x-1)
But it passes through (-2, 10)
6° = -4a(-3)= a=3
vii) Vertex : (3, 2); open downward and the length of the latus rectum is8. Since it
Is open downward, the equation is of the form
(x —h)? = -4a(y-k)
The vertex V(h, k) is (3, -2)
The required equation is
(x-3)° =-4(2) (y+2)
(x-3)* = -8(y+2)
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viii) Vertex : (3, -1) ; open rightward ; the distance between the latus rectum and
the directrix is 4.
Since it is open rightward, the equation is of the form,
(y-K)* =4a (x-h)
The vertex (h, k) is (3, -1)
The distance between latus rectum and dirctrix = 2a =4
a=2
The required equation is (y+1) = (4(2) (x-3)
(y+1)* = 8(x-3)
IX) Vertex : (2,3) ; open upward ; and passing through the point (6, 4)
Since it is open upward, the equation is of the form
(x — h)? =4a (x-3)
The vertex V(h, K) is (z, 3)
(x-2)° = 4a(y — k)
But it passes through (6, 4)
42 = 43(y-3) = a=4
The required equation is (x-2)> = 4(4) (y -3)
Hence (x —2)* = 16(y -3)
2. Find the axis, vertex, focus, equation of directrix, latus rectum, length of the
latus rectum for the following parabolas and hence sketch their graphs.
i) y* = -8x (i) ¢® = 20y (iii) (x-4)* =4(y+2)
iv) y2+8x-6y+1=0 (V) X2-6x-12y-3=0 '\

SOIUtion . \ iiz;ctrix
i) y* = -8x

—» X

y? = -8x

2 _
(y-0)° = -4(2) (x-0)
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Hence (h, k) is (0, 0) and a =2

The parabola opens leftward.

AXis : The axis of symmetry is x axis.
y=0 is the axis.

Vertex : The vertex (h, K) id (0,0)
Focus : The focus F(-a, 0) is (-2, 0)
Directrix : The equation of the
X=-a, x=2. X-2=0

Equation of the latus rectum is
X=-a, x=-2. X+2=0

Length of the latus rectum 4a = 4(2) =8

i) x* = 20y

(x-0)* = 4(5) (y-0)
Here (h, k) is (0, 0) and a =5
It is open upwards
Axis :yaxisorx=0
Vertex :V(0,0)
Focus :F(0, a) i.e., F(0, 5)
Directrix : y=-ai.e., y=5
I.e., y-5=0
Latus rectum -y=ai.e., y=b
I.e., y+5=0
- length =4a =20
(iii) (x-4)? =4(y+2)
X? = 4Y where X=x-4 ; Y=y+2
X?=4(1)y a=1
It is open upward

referred to X, Referred to x, y
Y X=x-4, Y=y+2

AXis y-axisi.e., X=0 | X=0=  x-4=0

Vertex (0, 0) X=0 ;Y=0
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= x-4=0 ; y+2=0
X=4 ;y=-2
V(4, -2)
X=0;Y=1l
X-4=0 ;y+2=1
= x=4;y=-1
F(4,-1)
Directrix Y=-> y+2=-1
le., y +2=1
y+3 =0
Latus Y =a Y= y+2=1
rectum Y=1 l.e., y+1=0
Length = 4a =4

y2+8x-6y+1=0
y26y=-8x-1

(y-3)?-9=8x-1

(y-3)°= 8x+8
(y-3)°=8(x-1)
Where X = x-1
Y =y-3
Y2=-4(2)x
= a=2

The type is open leftward.
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referred to X, Referred to x, y
Y X=x-1, Y=y-3

X-axis i.e., X=0= y-3=0

Y=0

X=0 ;Y=0
(0, 0) = x-1=0 ;y-3=0
x=1;y=3
V(1,3)
(-a, 0) X=-2:Y=0

e, (-2,0) X-2=-2 ;y-3=0
= x=-1;y=3

F(-1, 3)
Directrix X=-a X=2= x-1=-2
i.e., X=2 i.e., X +1=0
y-3=0
Latus X =-a Y=-2= x-1=-2
rectum l.e., X=-2 I.e., Xx+1=0
Length = 4a =8

X-6x-12y-3=0
X?-6x=12y+3
(x-3)? -9 =12y+3
(x-3)* =12y+12

(x-3)*=12(y+1)

X?= 12y
Where X=x-3
Y=y+1
Here 4a =12
a=3

It is open upward.
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referred to X, Referred to x, y
Y X=x-1, Y=y-3

Y-axis i.e., X=0= x-3=0

X=0

0:Y=0

0 ;y+3=0
m— =3:y=-1
V(3, -1)

(0, a) X=0,Y=3
e, (0,3) x-3=0 ;y+1=3
= x=3;y=2
F(3, 2)
Directrix Y=-a Y=2
e, Y=-3 = Y+1=-3
y+4 =0
Latus Y =a Y=3= y+1=3
rectum l.e.,, Y=3 l.e., y-2=0
Length = 4a 43=12

=12

(0, 0) X-3
X

(3) If a parabolic reflector is 20cm in diameter and 5cm deep, find the distance of
the focus from the centre of the reflector.

Solution :
Consider the parabolic reflector to be open rightwards.
i.e., y’=4ax
In the fig., AB=20cm. VC=5cm
From the given data
(5, 10) is a point on it
10° =4a(5)
—> 100=20e=  a=5

The distane of the focus from the centre is 5
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Focus (a,0) is (5, 0)

4. The focus of a parabolic mirror is at a distance of 8cm from its centre (vertex). If
the mirror is 25cm deep, find the diameter of the mirror.

Solution :
Let AB be the diameter.
Consider the parabola to be open rightwards.
y?=4ax
Focus is F(8, 0) a=8
The equationis  y*=4(8)x
y?=32x
From the figure (25,y,) is a point on the parabola.
y12=32(25)
y12=32x
y1=20v2 = AC =20v2
AB =402 is the diameter of the mirror.

5. A cable of a suspension bridge is in the form of a parabola whose span is 40mts.
The road way is 5 mts below the lowest point of the cable. If an extra support is
provided across the cable 30mts above the ground level, find the length of the
support if the height of the pillars are 55 mts.

Solution :
Consider the suspension bridge to be open upwards. i.e., x’=4ay

From the given data, the vertex of the bridge lies 5 meter above the rod away.
The span of the bridge being 40 meters. The point A(20, 50) lies on the parabola.

400 = 4a (50)
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a=2
The equation is x?=8y
The point Q is (X, 25) lies on the parabola
x1% =8(25)
=200
X;=10v2

PQ = 2x,=20v2 mts is the length of the support

Exercise 4.2
1. Find the equation of the ellipse if

(i) one of the foci is (0, -1) the corresponding directrix is
3x+16=0 and e= %
(if) the foci are (2, -1), (0, -1) and e=

(iii) the foci are (+3,0) and the vertices are (£5, 0)

(iv) the centre is (3, -4) one of the foci is (3+V/3, -4) and e= ‘/2—§

(v) the centre at the origin, the major axis is along x-axis, e= % and passes through

the point[z, _?SJ

(vi) the length of the semi major axis, and the latus rectum are 7 and ?

respectively, the centre is (2,5) and the major axis is parallel to y-axis.

(vii) the centre is (3, -1) one of the foci is (6, -1) and passing through thepoint
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(8’ _1)

(viii) the foci are (+3,0) and the length of the latus rectum is %

(ix) the vertices are (+4, 0) and e= ?

Solution : (i) Let P(x,y) be a moving point. By definition

FP _
PM

FP* = e* PM?

2 2 |3 3x+162
(x-0)+(y+1) -[gﬂi[ﬁ ]
3x+16

25[x*+(y+1)’] 29%1 Neri

25[x%+y*+2y+1] = (3x+16 )?

e

16x°+25y?-96x+50y-231=0
(if) The foci are (2, -1), (0-1) and e=
Fl (21 -1)1 F2(01 -l)

The centre is the midpoint of F;F,

Centre C is [& &J
2 2

Cis (L, -1)
Fl F2 = 2ae=2
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From the given data the major axis is parallel to x-axis. The equation of the

x-h)? | 0D _y
a? 3

ellipse is

=D? | 0=D? 4
4 3

(iii) The foci are (+3, 0) and vertices are (+5, 0)

The foci are F; (3, 0) and F, (-3, 0)
Vertices are A(5, 0) and A’ (-5, 0)

The centre is the midpoint of AA'

. 5-5 040
Cis—, —,
2’ 2

From the given data the major axis is along x-axis.

_h\2 _1\2
The equation of the ellipse is (xah) O 1 asp

2 bZ
i.e., Here (h, k) is (0, 0)
Here CA=a=h; CF,=ae =3

b% = &’ (1-€%)

_ 9
= 25[1- E]

b? =16

2 2
The equation of the ellipse is ’ZC—S+ Z—6 =1

(iv) The centre is (3, -4), one of the foci is (3+ v/3, -4) and e= ?

Since the major axis is parallel to x-axis and the centre is at C(3, -4), the equation
of the ellipse is
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(x=3)? | (y+4)? _
a’ + b2 =1

CF =ae =+/3,

(x;s) Lo

The equation of the ellipse is -

(v) Centre is at the origin, the major axis is along x-axis. e= % and passes through

the point [2, _?SJ

Since the major axis is along x-axis and the centre is at the origin, the equation of

the ellipse is = + 22 = 1
p a’? b2

It passes through the point [2, _?SJ

4 25

— =1

a2 9p2

e=§ . b% =a® (1-€%)

b2=a2E— a= % a’

Solving (1) and (2)
a’=9:b*=5

142 | BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




The equation of the ellipse is

x2

9

2
Y

+ —=1
5

(vi) The length of the semi major axis, and the latus rectum are 7 and %
respectively the centre is (2, 5) and the major axis is parallel to y-axis.

The major axis is parallel to the y-axis and the centre is (2, 5), the equation of the
ellipse is

(x=2)* | (y—5)* _
b2 * a? -1

From the given dataa =7 and

2
=+ 2 =207 =80

a
b? = 40 and a* = 49

The equation of the ellipse is

=2 L 0=5" _4
40 49

(vii) The centre is (3, -1) one of the foci is (6, -1) and passing through the point (8,
-1) From the given data the major axis is parallel to the x-axis and the centre is
(3’-1)

The equation of the ellipse is

(x=3)? | (y+1? _
a? + b2 =1

It passes through the point (8, -1)

(8-3)? | (—1+1)? _
a’ + b2 =1

25
a_2+O:1

a’=25 a=5
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CFi=ae=3

Se=3 C—ye= % b% = a% (1-€%)

— 9 —

= 25(1 — E) = 16

x=3)? o+’
25

= 1 is the required equation of the ellipse.

(viii) The foci are ( 3, 0), and the length of the latus rectum is %

2
Fi(30), F2 (:3,0), 2= ==

Centre is the midpoint of F; F,
Cis(0,0)
From the given data the major axis is along x-axis.

The equation of the ellipse is

x2 2

FiF,=2a-e=6=> ae=3
a’ e’ =9
b?=a’(1-¢€?)
=a’-a’ e’
=>a’ - b* =9
It is given

2b? _ 32
5
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32a

1. Becomes a’- ——=9

10a% - 32a-90 =0
(@a-"5) (5a +9) =0

a= %is not possible
a=>5
b’=16

The equation of the ellipse is

(ix) The vertices are (+4, 0) and e = 73

Vertex A'is (4, 0) and A'is (-4, 0)

The equation of the ellipse is

2 2
X v
=l

b*=a? (1 - €%

-4(1-3

Also, AA'=2a =8
a=4
b?=4

The equation of the ellipse is
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2. If the centre of the ellipse is (4, -2) and one of the focus is (4, 2), find the other
focus?

SOLUTION :
Centre Cis (4, -2) and F is (4, 2)
The midpoint of F, F, is the centre C
Let F, be (X4, y1)

x1+45

> =4 =X, =4

y1+2

> =2 :>y1:'6

F, is (4, -6)

3. Find the locus of a point which moves so that the sum of its distances from (3, 0)
and (-3,0) is 9

SOLUTION :

Take the fixed points (3, 0) and (-3, 0) as foci.

Let P(x, y) be the moving point.

From the known property,

F1 P+F,P = length of the major axis of the ellipse =9
9

l.e.,2a=9 a:2

FiF,=2ae =6 = ae=3

1
e==<
3

Centre of the ellipse is the midpoint of F; F,
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Cis (0,0)
Also, b? =a’ (1 —€?)

The equation of the ellipse is

xz y _1

81/4 45/4
4) Find the equations and length of major and minor axes of
i) 9x?+25y% =225 (iii) 9x?*+4y* = 20
i) 5x? +9y*+10x-36y-4=0 (iv) 16x%+9y*+32x-36y-92=0

SOLUTION: (i) The equation of the ellipse is
Ox*+25y°=225

2

2
+21 =1
9

The major axis is along x-axis and the minor axis is along y-axis.
The equation of major axis is y =0 and the equation of minor axis is x=0
a®=25; b°=9
—>a=5; b=3
The length of the major axis is 2a = 10

The length of the minor axis is 2b =6

I1) The equation of the ellipse is
5x%+9y*+10X-36y-4=0
(5x°+10x) + (9y* -36y) =4
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5(x*+2x) +9(y*-4y) = 4
5 { (x +1)* -1}+9{(y-2)* -4} =4
5(x+1)? +9(y-2)* -5-36=4
5(x+1)% + 9(y-2)? =45

(x+1)? + (y+2)? -1
9 5

Let X=x+landY =y-2

Hence the major axis is along the X-axis and the minor axis is along the Y-
axis. The equation of major axisis'Y =0

le.,y-2=0

The equation of minor axis is X=0, i.e., x +1 =0
a?=9;b’=5a=3, b=+/5

The length of major axis is 2a =6

The length of minor axis is 2b =2v/5

iii) The equation of the ellipse

Ox*+4y? = 20

x2

2
Yy
+—=]1
5

Here the major axis is along y-axis and the minor axis is along x-axis.

The equation of major axis is x=0 and the equation of minor axis is y =0

Her a® =5 ;b2=%

148 BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




—> a=V5 ;b=23—vg

The length of the major axis is 2a = 2v/5

The length of the major axis is 2b = 43£

Iv) The equation of the ellipse is
16x%+9y*+32x-36y-92 =0
(16x%+32x)+(9y*- 36y) =92
16(x°+2x) +9(y*-4y) =92
16{(x+1)? — 1} +9{y-2)%-4}=92
16(x+1)*+9(y-2)* =144

D 0=
9 16

Let x+1 =X and y-2 =Y

Xz y? _

=1
9 16

The major axis is along Y-axis
Its equation is X=0 i.e., x+1=0
The minor axis is along X-axis
The equationis Y =0 i.e., y-2=0
a’=16, b*=9 a=4, b=3
The length of major axis is 2a=8

The length of minor axis is 2b=6
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5) Find the equations of directrices, latus rectum and lengths of latus rectums of the
following ellipses:

i) 25x°+169y*=4225 (i) 9x*+16y°=144

iii) x*+4y*-8x-16y-68=0 (iv) 3x°+2y?-30x-4y+23=0
SOLUTION :
1) The equation of the ellipse is

25x°+169y°=4225
ﬁ + ﬁ :1
169 25

The major axis is along x-axis

a’=169, b*=25 a=13, b=5

b2 25 12
e= /1——: 1-===
a? 169 13

The equation of directrices are

a 13 169
X=+-= =+ —
e 12/13 12

. 169
e x=+==
1.e., X 12

Equation of the latus rectum are x = +ae

=209 (%)

Xx=+12

Length of the latus rectum = Zaﬂ = i—g

i) The equation of the ellipse is

Ox*+16y°=144
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2 2
x_+y_:1
16 9

The major axis is along x-axis

=16, b*=9

16 4

The equation of directrices are x = i%

4

X=i7

- — 416
l.e., X= iﬁ
Equation of the latus rectumarex =+ ae

X = +v7

2

Length of the latus rectum = % =

(iii) The equation of the ellipse is
X2 +4y?-8x-16y-68=0
(x%-8x) + (4y? — 16y) =68
{(x-4)? -16} + 4{y*-4y} = 68
(x-4)* — 16+4{(y-2)* -4 }=68
(x-4)*+4(y-2)* = 100

=’ 02 _ 4
100 25

The major axis is parallel to x-axis.

Let X=x-4 and Y=y-2
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X% y?
_+ -

100 = 25

a? =100, b®> =25 a=10, b=5

1

b2 25 75
e=J1——f:J1——— = [—
a 100 100

The equation of directrices are X = i%

_ .2
—> x=+2

L&XAZi%

N

Xx=4 + 2 are the diretrices
NE

Equation of the latus rectum are X = +ae
X= 453
i.e., X -4=45V3 x=445V3
Length of the latus rectum = Zaiz = %
=5
Iv) The equation of the ellipse is
3x*+2y°-30x-4y+23=0
(3x°-30x) + (2y°*-dy) = -23
3(x%-10x) + 2(y*-2y) = -23
3{(x-5)? -25} + 2{(y-1)* = -23
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3(x-5)? + 2(y-1)? =54
The major axis is parallel to y-axis.

Let x =x -5 andyY =y -1

_ 2
SXY18 + Y27 1 a=27.b%=18 e =1 —b\/l—%

27

:J1 —-— = |Z=1/V3
e= 1V/3
y=+3./3/1V/3=%9
y =9=y-1=9=y=10
y=—9=y—-1=-9=y=-8
Thus y =10 and y = —8 are the directrices.
The equation of the L.Rare Y=+ae Y= +3v3 (1/3)
e, Y=%£3 Y=3=>y-1=3=4
Y=3 =>y-1=-3=2
Thus the quation of L.R.arey=4andy = -2
The length of the latus rectum =~ 2b* =2x18

:4\/§

6. Find the eccentricity, centre, foci, vertices of the following ellipses and draw the
diagram

(i) 16x°+25y*=400 (i) x*+4y*-8x-16y-68=0
(iii) 9x*+4y*=36 (iv) 16x°+9y*+32x-36y=92
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SOLUTION :
(i) The equation of the ellipse is

16x+25y*=400

x? y? _

25 16

Major axis is along x-axis

a’=25, b’=16, e=

Centre is (0, 0)

— 3_
ae—5x§—3

Foci are (+ae, 0) i.e., (3, 0)

Vertices are (+a 0, 0) i.e., (+ 5, 0)

i) The equation of the ellipse is
X*+4y?-8x-16y-68=0

(x*+8x) + (4y*-16y) =68
(x*+8x) + 4(y*-4y) =68
{(x-4)? -16} +4{(y-2)*=68
(x-4)? + 4(y-2)* = 100

=, 0= _
100 25
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The major axis is parallel to x-axis

Let X=x-4;Y =y-2

2=100, b% = 25 —> e:\/1—z—§\/1—

aezloxg

V3

25
100

referredto X, Y

Referred to X, y
X=x-4, Y=y-2

Centre 0, 0)

X=0 ;VY=0
x-4=0 ;y-2=0
= x=4:y=2
C(4,2)

(+ae,0) i.e., (£5v3 0)
(i) (5v3,0)
(i) (-5V3, 0)

X=5v/3; Y=0
X-4=5\3 ;y-2=0
X=4+5+/3; y=2
F. (4453, 2)
X=-5v/3; Y=0
x-4=-5v/3 ;y-2=0
x=4-5\/3 ; y=2
F, (4-5V3, 2)

Vertice | (+a,0)i.e., (£ 10,0)

(i) (10,0)

(ii) (-10, 0)

X=10 ;Y=0
x-4=10 ;y-2=0
x=14 ; y=2

A (14, 2)
X=-10 ;Y=0
x-4=-10 ;y-2=0
X=-6; y=2

A' (-6, 2)

(iii) The equation of the ellipse is

Ox*+4y” = 36
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The major axis is along y-axis

a’=, b* =4

2
e= [1-2=2
a 3

ae=3x§=\/§

Centre is (0, 0)
Foci are (0, +ae)
Vertices are (0, +a) i.e., (0, £3
Iv) The equation of the ellipse is
16x°+9y,+32x-36y = 92
16(x?+2x) +9(y*-4y) = 92
16{(x+1)%-1} +9{(y-2)? =144

CtD? L =2
9 16

The major axis is parallel to y-axis.
Let X=x+1;Y =y-2

Xz vz _

=1

9 16
2 _ 200 A ’ b2 _ 9 _N7. .. _ V7 _
a—16,b—9,e— 1—a—2— 1—1——7,39—4X(T)—\/7

Referred to x, y
referred to X, Y X=x-4. Y=y-2

Centre X=0 :Y=0
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(0,0)

x+1=0 ; y-2=0
—> x= -1; y:2
Centre C (-1, 2)

(O+ae, 0) i.e., (0£5V7)

(i) (0+V7)

(i) (-5V7, 0)
(iii) (0, V7)

X=0; Y=0
X+1=0 ; y-2=v/7
x=-1; y=2+V7
F1 (-1,2+7)
X=0; Y= /7
X+1=0 ; y=2=-/7
F, (-1, 2-v7)

Vertice

(0+a,0) i.e., (0+ 4)
(i) (0, 4)

(i) (-0, -4)

X=0;Y=4
X+1=0 ;y-2=4
l.e., x=-1;y=6
A (-1, 6)

X=0;Y=+4
X+1=0 ;y-2=-4

x=-1;y=-2
A' (-1, -2)

7) A kho-kho player in a practice session while running realizes that the sum of the
distances from the two tho-kho poles from him is alwys 8m. Find the equation of
the path traced by him if the distance between the poles is 6m.

SOLUTION : From the given data, the two kho-kho poles be taken as the foci F,
and F, Let P(x, y) be

F, P+F, P =2a=8

a=4
F1F2=23.e=6
ae=3

4e =3
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—> =3

4

2_ .2 2y _ 9
Also b =a (1—e)—16(1—g)

b®=7

2 2
The equation of the path is ’1(—6 + y7 =1

8. A satellite is travelling around the earth in a elliptical orbit having the earth at a
focus and of eccentricity %. The shortest distance that the satellite gets to the earth
Is 400 kms. Find the longest distance that the satellite gets from the earth.

SOLUTION :
In the adjacent figure, earth is at F; The shortest

Distance of the satellite is F; A =400 km. We have to find the longest distance of
the satellite i.e., F A’

CA =a, CF; =ae, F;A =400 km
F,A=CA-CF;

=a—ae

00 =a(1-)[e -]
a=3800 km
CA' =800 and CF; = ae =800 x % =400 km
FiA'= F C+CA'
=400 +800 = 1200 km

9) The orbit of the planet mercury around the sun is in elliptical shape with sun at a
focus. The semi-major axis is of length 36 million miles and the eccentricity of the

orbit is 0.206. Find (i) how close the mercury gets to sun? (ii) the greatest possible

distance between mercury and sun.
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SOLUTION :
In the adjacent figure, F, is the position of sun,

CA = 36 million miles, e = 0.206. The closest and farthest position of the planet
mercury are A and A' respectively.

1) Closest distance F; A :
FiIA=CA-CF,
= a—ae=(al-e) =36 (1-0.206)
= 36 x0.794
Closet distance = 28.584 million miles
I1) The farthest position i.e., F A’
Let y; be the height of the arch from 9 ft right of the centre
(9, y1) is a point on the equation

92 y12
"400 256

y12 81 _ 319

256 400 400

1225 (32)

y, = 2= 3T ft

. The height of the arch 9 ft from the right of the centre is %\/319 ft.,

Exercise 4.3
1. Find the equation of the hyperbola if

(i) focus : (2, 3) ; corresponding directrix : x+2y =5, e =2
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(i) centre : (0, 0) ; length of semi —transverse axisis5; e = % and the
conjugate axis is along x-axis.

(iii) centre : (0, 0) ; length of semi-transverse axis is 6; e = 3, and the
transverse axis is parallel to y-axis.

(iv) centre : (1, -2) ; length of the transverse axisis 8 ; e = % and the

transverse axis is parallel to x-axis.

(v) centre : (2, 5) ; the distance between the direct ices is 15, the
distance between the foci is 20 and the transverse axis is 12

(vi) foci : (0, # 8) ; length of transverse axis is 12

(vii) foci : (3, #5) ; e =3

(viii) centre : (1, 4) ; one of the foci (6,4) and the corresponding
directrix is x = %

(ix) foci : (6, -1) and (-4, -1) and passing through the point (4, -1)
SOLUTION :

(i) Let P(X, y) be any point on the hyperbola. Draw PM perpendicular to the
directrix.

By definition,% =e
. FP?=¢°
(X -2)* + (y — 3)° = 2 PM2
(x-2)° + (y - 3 = 2°(“2=2)?
(x-2) + (y - 3 = 422

X?-16xy — 11y* + 20x +50y — 35 =0
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(i1) Centre (0, 0) length of the semi —transverse axis is 5. e = g The conjugate
axis is along x-axis.

2 2
. The equation of the hyperbola is Z—Z - z—z =1

As the transverse axis is parallel to y-axis.
Centre (0, 0) Length of the semi —transverse axis is = a =6, e =3
b% = a? (e? -1)
=36 (9-1) = 288
2 2

y X

36 288

(iv) centre : (1, -2) ; length of the transverse axisis 8 ; e = Z and the
transverse axis is parallel to x-axis.

_1ny2 2
. The equation of the hyperbola is (xa;‘) - (y;z) =1

Centre (1, -2) length of the transverse axis2a=8a=4and e = %

Here (h, K) is (1, -2)

_1ny\2 2
The equation of the hyperbola is (xa;l) - (y;z) =1

a=4e % b%*=a’(e*-1) =9

_1\2 2
The equation of the hyperbola is (xlé) - (y+92) =1

(v) Centre (2, 5), distance between the directrices = Z?a =15

. a

~= 12—5 distance between foci = 2ae 20 .. ae =10

161 BHARATHIDASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKONAM -6 &10 MARKS




(%) (ae) = 12—5 x 10

ae 10 4
a’ =75 also o153

b2=a2(e2-1) =75(5—1)=25
Since the transverse axis is parallel to y-axis, the equation of the hyperbola is

—k)? (x+h)* _
a? ) b2 =1

o= 5)%  (x—2)>°
5

Centre (h, k) is (2,5) . -

= 1is the required equation.

(vi) From the given data the transverse axis is alog the y-axis.

Also centre of the hyperbola is at the origin.

.. The equation of the hyperbola is y—z 2—2:1

Length of the transverse axis = 2a =12
A =6
FiF, =16
2ae = 16
2(6) e =16
=a%(e’-1)
=36 (2 -1) =>b’=28

2

.. The equation of the hyperbola i |s — - 2—8 =1

(vii) From the data, the transverse axis is parallel to the x-axis. Centre is the
midpoint of F;F,
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. (3-3 545
cis (22,529)
2 2

- Cis (0, 5)

—_h)\2 _1\2
~. The equation of the hyperbola is (xa;‘) _ (yb;‘) -1

M2 _e\2
Here (h, k) is (0, 5) &= . 0= -

" a? b2

FiF,=2ae=6 ..ae=3ande=3
n3a=3 = a=l
b*=a’ (e2-1)
=1(9-1)
~.b*=8

_r\2
0-5?% _4

.. The equation of the hyperbola is % -

(viii) From the data, the transverse axis is parallel to x-axis. .. The equation

x—h)?  (y—k)? _
a2 b2 =1

of the hyperbola is (

Centre (h, k) is (1, 4)
CFL=ae =5

a

The distance between the centre and the directrix CZ = -
: _a_94._5
.. CZ= - = 1 7

“(ae) (2)=5x2=2 @41 =2

The required equation is (x-1)* - (y+1)°
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(ix) From the data, the transverse axis is parallel to the x-axis. .. The

—h)\2 _1\2
equation of the hyperbola is (xa? B Cn o

b2

) (—4+6 —1—1)
2 7 2

- Cis(1,-1)

_1\2 _1.\2
~. The equation of the hyperbola is (xa?) ; (yb;‘) =1

F1F2 =2ae=10 ..ae=5
b? = a’ (e°-1)

h? = a2 o232
=25 &’

_1ny2 _1\2
. The equation of the hyperbola is (xa;‘) ; (yb;") =1

It passes through (4, -1)

C@-D2 (142 2 _
L = -1 a =%

(2) Find the equations and length of transverse and conjugate axes of the
following hyperbolas

(i) 144x* — 25y* = 36000 (i) 8y*-2=16
(iii) 16x° — 9y*+96x+36y-36 =0

SOLUTION :
(i) 144x* — 25y* = 36000
y: _

. . x2
Equation of the hyperbola is =1 =1
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a°=25—=>a=5;b2=144 —> b=12
The transverse axis is along x-axis.
.Equation of the transverse axisisy =0
Equation of the transverse axis y =0
Length of the transverse axis = 2a = 2(5) =10
Length of the conjugate axis = 2b = 2(12) =24
(i) 8y*-2=16
The transverse axis is along y-axis.

Equation of the transverse axis is x =0
Equation of the conjugate axis y =0
a?=2 —>a=V2, b’=8 =—> b=+8=2V2
Length of the transverse axis (2a) = 2+/2
Length of the conjugate axis = (2b) = 4v/2)
(iii) 16x° — 9y*+96x+36y-36 =0
16(x*+6x) — 9(y*-4) = 36
16(x+3)* — 9(y*-4) =36 +144 — 36 =144

) 0=
9 16

Put x+3 = X y-2=Y

X2 y?
___:1
9 16
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a’=9 —> a=3

b?=16—> b=4
The transverse axis is along X-axis.
i.e., Equation of the transverse axis is Y=0 =—=a=3 =0
Equation of the conjugate axis X=0—=—=>= x+3=0
Length of the transverse axis =2a =6

Length of the conjugate axis = 2b =8

3) Find the equations of directrices, latus rectums and length of latus
rectum of the following hyperbolas :
(i) 4x*—9y* =576 (i) 9x*-4y*-36+32y+8=0
Solution :

(i) 4x* — 9y* =576

a? = 144 —> a=12, b*=64 =—>bh=8

1 + b< ,144+64

i irect i =44 36
Equation of the direct ices arex—ie i.e., X= +r

Equations of the latus rectum are

X = +ae —> x=+ 12x§i.e., X = +4/3

2
length of the latus rectum = % = % - %
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(i) 9x*-4y*-36+32y+8=0
9(x*+4x) — 4(y*-8y) = -8
9(x-2)° — 4(y*-4)2 =-8+36 -64 =-36
4(y-4)* — 9(x-2)" =36

v=9H?  =2? _4
9 4

Puty-4 = Y and x-2=X

y2 x2
.=
9 4

The transverse axis is along Y -axis.

=9 = a=3, b’=4 = bh=2

2
e=\/1+b :\/9+4:\/ﬁ:\/ﬁ

a? 9 9 3

2=3(T) = v

a _3x3 _ 9

e VI3 VI3

Equations of the latus rectums are

49
= Y-4=1

—=> y=4=+13

2
Length of the latus rectum is 2 - @ = g

a
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(4) Show that the locus of apont which moves so that the difference of its
distances from the points (5, 0) and (-5, 0) is 8 9x* — 16y* = 144
SOLUTION :

By the property of hyperbola, the difference of the moving point from
the two fixed points is the length of the transverse axis.

2ae=10 = e :%
b*=a’ (¢*-1) = 16 (= — 1) =9
Centre is the midpoint of (5, 0) and (-5, 0). Centre is (0, 0)

Clearly the transverse axis is along x-axis.

2yt
a2 b2

_ﬁzl
9

. The type is -

i.e., 9x*—16y*=144

5) Find the eccentricity, centre, foci and vertices of the following hyperbolas
and draw their diagrams.

(i) 25:¢ ~ 16y° =400 (i) % - £ =1

(iii) x*-4y*+6x+16y-11=0

Solution :

. 2 2 _ . X oxt
(i) 25x° —16y° =400 i.e., T 1

a°=16 —=a=4, b2=25 c==5

2
e:\/1+b _\/16+25:E:>ae=

a2 Al 16 4

a _ 4x4 _ 16

e VAT VAT
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The transverse axis along x-axis
Centre :(0,0)

Foci - (+ ae, 0) i.e., (+V41, 0)
Vertices :(+a,0)i.e., (+4,0)

x2

oy X2
(II) ? - E =1

a’=9 —=a=3
b? = 25=pH=5

- 2

ae::E:\/SAL
o WE_ o
e -y S V34

The transverse axis along y-axis

Centre : (0, 0)

Foci - (0, + ae, 0) i.e., (0, +v/34)
Vertices :(0,+a)i.e., (0, £3)

(iii) X*-4y*+6x+16y-11=0
(X*+ 6x) — 4(y*-4y) = 11
{(x+3)* -9} - 4{(y-2)*-4} = 11
(x+3)*—4(y-2)°=4
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3’ 0=2° 4

Where X =x+3,Y =y-2
a’=4 —=>a =2

b?=1 =>b =1

referredto X, Y

Referred to X, y
X=x+3, Y=y-2

(0,0)

X=0 ;Y=0
x+3=0 ; y-2=0
= x=-3;y=2
~.Centre C (-3, 2)

(+ae,0) i.e., (+V5, 0)
(i) (v5,0)

(i) (-V/5, 0)

X=v/5; Y=0
x+3=V5 ;y-2=0
x=-3+V5 ;y=2
F. (-3+V5, 2)
X=-v5; Y=0
x+3=-V5 ;y-2=0
x=-3-V5; y=2
F, (-3-V5, 2)

Vertice |(+a,0)i.e., (+2,0)
(i) (2,0)

(i) (-2, 0)

(i) X=2;Y=0
X+3=2 ;y-2=0
e, x=-1;y=2
~A (-1, 2)
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X=-2:Y=0
X+3=-2 ;y-2=0
X=-5;y=2

A' (-5, 2)

(iv) X2-3y*+6x+16y-18=0
(x*+ 6x) — 3(y*-2y) = 18
{(x+3)*-9}-3 {(y-1)*-4} = -18
(x+ 1)*-3(y - 1)° =12

3(y- 1)% -(x + 3) = 12

G+D?*  (x+3)? -1
4 12

Y2 x2
- :1
4 12

Where X = x+3,Y =y-1
a’=4 =>a =2

b?=12=> b =23

e=2 ae =2(2) =4, 3:1. The transverse axis is parallel to y-axis.

Referred to x, y
referred to X, Y X=x+3, Y=y-2

X=0 ;Y=0

0, 0) x+3=0 ;y-1=0
= x=-3; y=1

~.Centre C (-3, 1)

(+ae,0) i.e., (0, +4) X=0; Y=4

(i) (0, 4) x+3=0 ;y-1=4
x=-3 ;y=5

Fy (-3, 5)
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(i) (0, -4) X=0;Y=-4
X+3=0; y-1=-4
X=-3- ;y=-3

F2 ('31 _3)

(0,+a)ie., (0,+2) X=0;Y=2

(i) (0, 2) x+3=0 ;y-1=2
e, x=-3;y=3
A (-3, 3)

(i) (0, -2)
X=0;Y=-2
X+3=0 ;y-1=-2
x=-3;y=-1

A' (-3,-1)

EXERCISE 4.4
1. Find the equations of the tangent and normal to the parabolas
(i) y* =12x at (3, -6)
(i) x°=9y at (-3, 1)
(iii) x*+2x-4y+4=0 at (0, 1)
(iv) to the ellipse 2x*+3y2 = 6 at (v/3, 0)
(v) to the hyperbola 9x* — 5y* =31 at (2, -1)

SOLUTION :
(i) y* =12x at (3, -6)
Equation of the tangent a (x; y;) to given parabola is yy1l = 6(Xx+X;)

Equation of the tangent at (3, -6) is -6y =6 (X+X;)
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-6y = 6 (X+3)
6x+6y+18 =0
X+y+3 =0
The equation of the normal is of the form x —y + k =0
It passes through (3, -6)
3+6+k=-9

Equation of the tangent at (-3, 1) is

X(-3) =3 (y+1)
-6x=9y+9
6x+9y+9=0
2x+3y+3=0
Equation of the normal is of the form 3x-2y+k=0
It passes through (-3, 1)
-9-2+k=0= k=11
-.Equation of the normal is 3x -2y+11=0
(iii) X*+2x-4+4=0 at (0,1)
Equation of the tangent at (X; y,) to the given parabola is
XXy + (X+X1) —2(y+y;) +4=0
Here (x1,y1) 1S (0,1)
= X(0)+ (x+0) — 2(y+1)+4=0

I.e., X-2y +2=0
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This is the equation of the tangent.

Equation of the normal is of the form 2x+y+k=0
It passes through (0,1)

~.2(0)+1+k=-1

-.Equation of the normal is 2x+y-1=0

(iv) 2x*+3y*=6at (v/3,0)
Equation of the tangent at (X, Y1) IS
2XX1 +3yy;=6

But (X1,y1) is (v/3,0)
. 2x (v/3) + 3y (0) =6

24/3x = 6=>x=1/3
X =+/3 is the equation of the tangent.

Equation of the normal is of the formy =k

It passes through (+v/3,0) ..k=0
Hence , the equation of the normal isy =0
(v) To the hyperbola 9x* — 5y* = 31 at (2,-1)

Equation of the tangent at (X, ;) to the given hyperbola is

Ox* - 5y* =31

Here (X1y1) is (2,-1)
-9x (2) - 5y(-1)=31
18x + 5y- 31=0
Is the equation of the tangent .

Equation of the normal is the form 5x — 18y+k =0
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It passes through (2,-1)
5(2) - 18 (-1) +k =-28
-.Equation of the normal is 5x — 18y —28 =0

2) Find the equation of the tangent and normal

(i) to the parabola y* = 8x at t = %

(ii) to the ellipse x*+4y=32 at 6 = %

(iii) to the ellipse 16x2+25y2=400 at t = LB

] x2 y? _n
(iv) to the hyperbola kT lato = -

Solutin :

(i) to the parabola y* = 8x at t = %

Equations of the tangent at ‘t’ to the parabola is

yt = x+at?

Att= %the equation is y(%) = X+2(%)2

1
X:X+_
2 2

y = 2x+1
Equation of the normal at t is

y+tx = 2at +at®

yex=22) (5) +25)
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X _ 1
yHx =2+
4y+2x=8+1
2X+4y-9=0

(ii) to the ellipse x*+4y=32 at 6 = -

2 2
Equation of the ellipse is :—2 + % =1

a’ =32 —>a=4+2
b?=8 —> b=22

‘6’ represents the point (a cos 8, b sin )

— (4\/76071 %,Zﬁsin%)

— (#2522 (3)
=(4,2)

Equation of the tangent at (X, y;) to the given ellipse is
XX; + 4yy,=32
Here (X1, Y1) IS (4, 2)
4x +8y =32

l.e., Xx+2y -8=0 is the equation of the tangent.
Equation of the normal is of the form 2x-y+k=0
It passes through (4, 2)

2(4)-2+k=0 —> k=-6
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-.Equation of the normal is 2x-y-6 =0

(ii) to the ellipse 16x2+25y2=400 at t = —

. . . x? yz _
Equation of the ellipse is =T =1

=25 at>
b =

a(1-t%) b2t )

t” represents the point ( 1462 ' 13e2

s (50 2
Itt—ﬁ then the point |s< 1

il
3 1+§

ie.. (%2\/5)

Equation of the tangent to the ellipse is
16x, + 25yy; = 400

Here (Xq, Y1) is (g 2\/§)

16x(§)+25y (2v/3) = 400

40x+50+/3 y = 400
4x+5+/3 y=40 is the equation of the tangent.

Equation of the normal is 5v/3 x-4y+k =0

It passes through G 2\/§)
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5v3 (2)-4 2v3 +k =0

k+22.8y3=0

..Equation of the normal is

5\/_x4y V3 = 0 —>10v3%-8y-9v3 =0

] x2 y? _n
(iv) to the hyperbola T late = -

a* =9 — a=3
=12 —>hb=2/3

‘6’ represents the point (a sec 6, b tan 6)

(3Z€C- 2+/3tan = )Ie ( ) (23, 2)

Equation of the tangent to the given hyperbola is ﬂ -2 L=l

Here (xq, V1) is (2V3, 2)

x,2/3 y2 _
9 12

=1

4/x-3y = 18

The equation of the normal is of the form 3x+4,/3y+k=0
It passes through (2v/3)
~.3(2v3) + 4(v/3(2) +k =0

k=-14v3
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~.Equation of the normal is 3x+4+/3=0

(3) Find the equations of the tangents
(i) to the parabola y* =6x, parallel to 3x — 2y+5 =0

(ii) to the parabola y* =6x, perpendicular to the line 3x-y+8=0

2 2
(iii) to the ellipse ;_o + y? = 1 which are perpendicular to x+y+2=0

(iv) to the hyperbola 4x*-y*=64, which are parallel to
10x -3y +9=0
Solution :
(i) Find the equations of the tangents to the parabola y* = 6x, parallel to
3X—2y+5=0
The tangent is parallelto  3x-2y+5=0

lLe,y= ;x+5

.. The slope of the tangent
y* = 6X
Differentiating with respect to x
2yy =6 2y (3)=6=y=2

4 =6X =X =

.. The point is @ 2)
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The tangent equationis  (y-y1) = m(X-Xy)

2

2
-2 =35(x3)
2y —4 = 3x -2
3X-2y+2=0

Alternative method :

Equation of any tangent is of the form y = mx + %
Here m =2 ; a= 3
2 2
Ly=Sx+1 T 3x-2y+2=0

Caution : This form is applicable only when the vertex is (0, 0)

(if) To the parabola y2 = 16x, perpendicular to the line 3x-y+8=0

.. The slope of the normal (— %) is3

The slope of the tangent m = -

Equation of any tangent is y = mx +%
. a 4
l.e., Yy =mx+—-—[Herea=4
" (=)

y=- % X -12 > x+3y+36=0

2 2
(i) To the ellipse ;C—O + Z_o =1, which are perpendicular to x+y+2=0

Here a® =20, b? =5
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The tangent is perpendicularto x + y+2 =0 : i.e., y = -X -2

.. Slope of the normal is (— %) -1

.. Slope of the tangentis (m) =1

Equation of any tangent is of the form

y =mx +Va? + m? + b?

= () f1o() o

1600-576
3

10x
=24
3

10x-3y + 32 =0
(4) Find the equation of the two tangents that can be drawn
(i) from the point (2, -3) to the parabola y* =4
(i) from the point (1, 3) to the ellipse 4x°+9y*=36
(iii) from the point (1, -1) to the hyperbola 2x*-3y* =6

SOLUTION: :

(i) Find the equation of the two tangents that can be drawn from the
point (2, -3) to the parabola y* =4x

Equation of any tangent is of the formy = mx + %

It passes through the point (2, -3)
~m(-3) =m?*(2) +1 [..a=1]
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2m2+3m+1 =0
(2m+1) (m+1)=0

-1
m=—;m=-1
2

m = -1 =>x+y+1=0
m=-3; m=1
Equations of the tangents are

(Y —y1) = m(X — Xy)
e, (y—2)=m(x-1)
Whenm = -3

1 -2 =1(x-1)
X-y+1=0

5) Prove that the line 5x + 12y =9 touches the hyperbola x*-9y* = 9 and find
its point of contact.

Solution : The condition for y = mx + ¢ to be a tangent to a hyperbola

2 2
i‘i—z-Z—zzllsc2:a2m2—b2
-5

5x+12y:9:1>y:1

X+

Thus the line 5x+12y =9 is a tangent to the hyperbola.
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I.e., it touches the hyperbola.

_.2 2
The point of contact is ( 2 m,i)

Cc Cc

The point of contact is (5, _?4)

(6) Show that the line x-y+4 =0 is a tangent to the ellipse x*+3y” = 12. Find
the co-ordinates of the point of contact.

Solution :

2
y _ -
—2—1|S

The condition for y = mx+c to be a tangent of z—z +
CZ — a.ZrnZ + b2

X-y+4=0 =y =x+4 —> m=1, c=4

X>+3y?=12 % + % =1= a’=12,b’ =4

¢ =16 ; a’m*+b* = (12) (1) +4 =16

Thus c2 = a’'m*+b°

~.X-y+4=0 is a tangent to the ellipse.

P 2
The point of contact is ( . m,b—)

Cc Cc

—-12 4

ie., (T'Z) e, (-3,1)
(7) Find the equation to the chord of contact from the point

(i) (-3, 1) to the parabola y* = 8x
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(i) (2, 4) to the ellipse 2x* +5y* =20
(iii) (5, 3) to the hyperbola 4x* -6y* = 24
Solution :
(i) The equation of the chord of contact of tangents to the parabola
y? = 8x from the point (X1, y1) iS yy1 = 4(x+xy)
Here (X1, Y1) = (-3, 1)
=~ y() =4(x -3)
4x —y -12 =0 is the required equation.

(if) The equation of the chord of contact of tangents to the ellipse from the
point (X¢, y1) IS

2XX1 +5yy; = 20
Here (X4, y1) is (2, 4)
= 4x+20y = 20
x+5y -5 =0 is the required equation.

(iii) Equation of the chord of contact of tangents to the hyperbola from the
point (X, y1) IS 4xx; — 6 yy; = 24. Here (X4, y1) is (5, 3)
20x — 18y =24
10x -9y 12 =0
EXERCISE 4.5

1. Find the equation of the asymptotes to the hyperbola

(i) 36x*—25y> =900 (i) 8>+ 10xy —3y*—2x+4y—2=0
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Solution:

2 2

. . X0yt
(i) Equation of the hyperbola is = " 3 1

2 2
Combined equation of the asymptotes is = . L =-p

25 36

Separate equations of asymptotes are % + % =0and % —%

(ii) 8x* + 10xy — 3y2 — 2x + 4y — 2 = 0 is the equation of the hyperbola.

The combined equation of the asymptotes differs from the

hyperbola
by a constant only.
" The combined equation of the asymptotes is
8x* + 1Oxy—3y2—2x+4y+ k=0
Consider 8x* + 10xy — 3y2 = 8x” + 12xy — 2xy — 3y2
= (4x —y) (2x + 3y)
" The separate equations are of the form4x—y +/=0; 2x+3y+m =0
“8x% + 10Xy — 3y* —2x + 4y + k= (4x —y + /) (2x + 3y + m)
Equating the coefficients of x,y terms

Am + 2] =-2
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-m+3/=4
Solving, weget/=1andm=-1
Im=k=-1

“the separate equations of asymptotes are 4x —y +1=0 and 2x +3y -1=0

2. Find the equation of the hyperbola if
(i) the asymptotes are 2x +3y—8=0 and3x—-2y+1=0(5,3)isa
point on the hyperbola
(i) its asymptotes are paralleltox + 2y—12=0and x—-2y + 8 =0,
(2, 4) is the centre of the hyperbola and it passes through (2, 0).
Solution:
(i) The equation of the asymptotes are 2x + 3y —8 =0 and 3x — 2y +1=0
" Equation of the hyperbola is of the form
(2x+3y—-8)(3x—2y+1)+k=0
But this passes through (5, 3)

"(10+9-8)(15-6+1)+k=0=>k=110
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" The equation of the hyperbolais (2x + 3y — 8) (3x—2y + 1) =110
(ii) The asymptotes are paralleltox + 2y —12=0and x—-2y+8=0
" Equations of the two asymptotes are of the form
X +2y+l=0andx—-2y+m=0
But asymptotes pass through the centre (2, 4) of the hyperbola.
2+8+/=0=>/=-10

2-8+m=0=>m=6

" Equations of the asymptotes are x+2y—10=0and x—2y+6=0

Combined equation of the asymptotesis ( x +2y —10) (x—=y +6) =0
" The equation of the hyperbola is of the form
(x+2y-10) (x—2y+6)+ k=0
It passes through (2, 0)
(2-10)(2+6)+k=0
K=64

Equation of the hyperbolais (x+2y—-10) (x—2y+6)+64=0
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3. Find the angle between the asymptotes of the hyperbola
(i) 25x2 —8y2 =27
(i) 4x* = 5y* — 16x + 10y + 31 =0

Solution:

2 yZ

27/ 2427/ 28

(i) Equation of the hyperbola is

Angle between the asymptotesis 2a = 2tan'1§ =tan™ (v/3) =2 %

(i) Equation of the hyperbolais 9(x — 2)*-4 (y + 3)* =36

(x=2)*  (y+3)?
4 9

=1

2
Here a

Angle between the asymptotes is 2a = 2tan'1% [ ]

iii) Equation of the hyperbola is 4x+ —5y” —16x + 10y + 31 =
(iii) Equation of the hyperbola is 4x+ — 5y> — 16x + 10y + 31 =0
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4(x*-4x) — 5(y*-2y) = -31
4[(x - 2)*-4] - 5[(y - 1)* - 1] = -31

4(x—2)> = 5(y —1)* =-20

5(y—1)*-4(x—2)*=20

o-D*  (@x=2)° _
5

1

=>a=2

=>b=\/§

EXERCISE 4.6

. Find the equation of the rectangular hyperbola whose centre is

11

- (E’E) and which passes through the point (1,%)

Solution:

The General form of standard rectangular hyperbola with centre at

(h, k) is (x—h)(y-k) =c

. -1 -1
The centre is at -~

" The equation of the R.H is (x + %) (y + %) =
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But it passes through (1 + i)

(1+2)G+3)=¢
GG =<
—> =3
"The required equation of the RH. is(x +3) (y +3) ==

2) Find the equation of the tangent and normal (i) at (3, 4) to the
. 1
rectangular hyperbolas xy =12 (ii) at (—2 Z) to the rectangular
hyperbola  2xy-2x-8y-1=0
Solution :

(i) Equation of the tangent at (x4, y1) to a rectangular hyperbola is

Xy1+yXq =2¢?
At (3, 4) the equation is 4x+3y=24
4x + 3y — 24 = 0 is the equation of the tangent.
Equation of the normal is of the form

3x -4yk=0
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It passes through (3, 4) ~ 3(3) -4(4)+k=0

" Equation of the normal is3x—4y+7=0
(ii) at -2, i to the rectangular hyperbola 2xy —2x—-8y—-1=0

Note : (1) Equation of tangent and normal can be easily obtained by

the calculus method (see section 5.1)

X+ xq

(2) This problem can also be done by replacing x by >

y+y1

and vy by .

Solution: 2xy—2x—8y—1 =0
Differentiating with respect to x

2(xy+y,1)-2-8y = 0

2-2y

=> =
Y 2x—8

1 1
At '215 Y __g

Equation of the tangentis(y -y1) =m(x—x;)=>x+8y=0

=>y -7 = 8(x+2)=>32x-4y+65=0

3. Find the equation of the rectangular hyperbola which has for one of
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its asymptotes the line x + 2y — 5 = 0 and passes through the
points (6, 0) and (-3, 0).
Solution: One of the asymptotesisx+2y-5=0
" The other asymptotes is of the form 2x—y+ k=0
Equation of the R.H. is
(x+2y-5) (2x—-y+k)+c=0
It passes through (6, 0)
(6-5)(12+k)+c=0
k+c=-12
It also passes through (-3, 0)
(-(3-5)(-6+k) +c=0
(-8)(-6+k)+c=0
48 -8k +c=0
-8k + ¢ =-48

Solving (1) and (2) k =4andc=-16

" Equation of the R.H.is (x +2y—5) (2x—y+4) -16 =0
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4. A standard rectangular hyperbola has its vertices at (5,7) and (-3, -1).
Find its equation and asymptotes.
Solution:

Vertices of the rectangular hyperbola are A (5, 7) and A (-3, -1)

AA =64 + 64 =128 =8V2

2a =8\/§ =>a =4\/§

The centre is the midpoint of AA = (1,3)
Equation of the R.H. with centre 91,3) is
(x=1)(y-3)=16
The combined equation of the asymptotes is
(x=1)(y=3) =0

Separate equationsare x—1 =0andy—-3=0

5. Find the equation of the rectangular hyperbola which has its centre
at (2, 1), one of its asymptotes 3x —y -5 =0 and which passes

through the point (1, -1)
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Solution:
One of the asymptotesis 3x—-y—-5=0
The other asymptote is of the form x+3y+ k=0
" Combined equation of the asymptotesis (3x —y —5) (x + 3y-5) =0
Equations of the rectuangular hyperbola is of the form
(3x -y -5) (x+3y-5) + k=0
But it passes through (1, -1)
o (3+1-5) (x+3y-5) k=0 —> k=-7
.. Equation of the required rectangular hyperbola is

(3x-y-5) (x+3y-5) -7 =0

(6) Find the equations of the asymptotes of the following rectangular
hyperbolas.

(i) xy —kx—hy =0 (i1) 2xy +3x+4y+1=0

(iii) 6X°+5xy-6y°+12+5y+3=0

Solution :
(i) Equation of the rectangular hyperbola is Xy — kx —hy =0
Equation of asymptotes is xy — kx — hy +A =0
Consider
(x-1) (y-m) = xy — kx — hy +A
—> 1=h, m=k, A=Im=hk
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..Equation of the asymptotes is
xy-kx-hy+hk=0

i.e., (x-h) (y-k) =0
The separate equations are  x-h=0and y-k =0
(i1) Equation of the asymptotes to the given RH is

2xy+3x+4y+k=0
(2x+1) (y + m) = 2xy +3x+4y+k
2m=3:1=4, Im =k

ie.m=>1=4,k=6

Combined equation is

2Xy+3x+4y+6 =0

ie., (2x+4) (y+3)=0

Separate equationsarex +2=0;y + % =0

(ili) The combined equation of the asymptotes of the form
6x” + 5xy — 6y + 12x +5y + k=0
Consider 6x* +5xy — 6y” = (3x — 2y) (2x +3y)
6X> + 5Xy — By” +12X +5y + k = (3x — 2y+l) (2x +3y+m)
Comparing the terms of x and y
12=3m+21
5=-2m + 3|

Solving them, | =3andm=2; k=Im =6
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Separate equations are
3x -2y +3=0
2X+ 3y +2=0

(7) Prove that the tangent at any point to the rectangular hyperbola forms
with the asymptotes a triangle of constant area.

Solution :
Equation of the tangent at ‘t” on the R.H is
X + yt* = 2ct
- X y —
€., 2ct * (2clt)

. The x and y intercepts are 2ct and ZTC respectively.

Assume that the tangent meets x and y axes at P and Q respectively.

.. The coordinates of P and Q are (2ct, 0) and (Ozt—c)

.. The required area of the AOPQ

1

=§xOPxOP

=~ (2ct) (zt—c) = 2¢? (a constant)
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